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Foreword

Distributed parameter systems (DPS) is an established areaof research in control which
can trace its roots back to the sixties. While the general aims are the same as for lumped
parameter systems, to adequately describe the distributednature of the system one needs to
use partial differential equation (PDE) models. The modelling issue is in itself nontrivial, es-
pecially when there is boundary control action and sensing on the boundary. Controllability
and observability concepts are subtle and investigating these for a single PDE example leads
to a sophisticated mathematical problem. The action of controlling the system introduces
feedback into the PDE model which results in a more complicated mathematical model; the
resulting closed-loop system may not be well-posed and thisissue has only quite recently be-
come well understood. At this stage, the mathematical machinery for formulating the basic
control problems is available (although not so well known),and this has led to a wealth of
new system theoretic results for DPS.

If this theory is to be applied, it needs to be tested by numerical simulations of feed-
back connections of PDE systems, which requires another area of mathematical expertise.
Over the past decades considerable experience has been acquired in numerical modelling,
simulation and control of DPS for various applications. In particular, much work has been
done on the numerical implementation of LQG and miniMax algorithms to various classes
of PDE systems. This involves an analytical study of approximations of solutions of opera-
tor Riccati or spectral factorization equations, which arereasonably well understood. These
approximations lead to a finite-dimensional controller which is designed to stabilize a finite-
dimensional approximation of the PDE model. If, however, the controller is to stabilize the
original system and not just a simulation of the PDE model, itneeds to be robust. Various
theories for robust controllers have been proposed, but many open questions remain. More
recently, another practical issue, sampled data-control has been addressed. New technology
has introduced new control paradigms. In particular, the advent of smart materials for sensors
and actuators and micro electro-mechanical actuators and sensors has introduced challenging
new modelling and control problems for distributed parameter systems.

Due to the mathematical sophistication of even simply formulated control problems for
distributed parameter systems there has been an increasingtendency to specialize on one par-
ticular aspect of control. Unfortunately this increasing specialization leads to ignorance of
existing expertise in other specializations which could bevery appropriate for the problem at
hand. The aim of this workshop is perhaps unusual: it is to bring together scientists who are
all studying distributed parameter systems, but from different points of view and possessing
different types of expertise. In this way, we hope to make scientists aware of new devel-
opments in this fast expanding field of research and to promote cross-fertilization of ideas
across artificial boundaries. We hope this will open up new directions for future research.

To the best of our knowledge, the last IFAC meeting dedicatedto distributed parameter
systems was the Fifth IFAC Symposium ”Control of Distributed Parameter Systems”, which
was organized by A.El Jai and M. Amouroux, and which took place in Perpignan, France,
June 26-29, 1989.
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Since then, the DPS community remained of course very active. For example, the 10th In-
ternational Conference on Analysis and Optimization of Systems was dedicated to the ”State
and Frequency Domain Approaches for Infinite-Dimensional Systems”; it was organized by
R.F. Curtain, together with A. Bensoussan and J.L. Lions, inSophia-Antipolis, France, June
9-12, 1992. In July 1993, H. Logemann organized a ”Workshop on Infinite–Dimensional
Control Systems”, at the University of Bremen, Germany. During the following years, sev-
eral workshops were organized within the framework of the Human Capital and Mobility
European network ”Distributed parameter systems: analysis, synthesis and applications”:
Saariselka - Lapland, Finland, 1994 (Organizer: S. Pohjolainen); Perpignan, France, 1995
(Organizer: A. El Jai); Bath, UK, 1996 (Organizer: H. Logemann). That network was co-
ordinated by S. Townley (University of Exeter, UK) and was active from December 1993 to
September 1997.
The workshop CDPS 2007 is the fifth meeting of a series startedin 1998 (Modelling and
control of infinite-dimensional systems, Leeds, UK, September 2-11, 1998 – Organizers: J.R.
Partington and S. Townley). The three other meetings were organized in 2001 (Workshop on
Pluralism in Distributed Parameter Systems, University of Twente, Enschede, The Nether-
lands, July 2-6, 2001 – Organizers: R.F. Curtain and H. Zwart), 2003 (International Work-
shop on Infinite-Dimensional Dynamical Systems, University of Exeter, UK, July 14-18, 2003
– Organizers: R. Rebarber and S. Townley), and 2005 (International Workshop on Control of
Infinite-Dimensional Systems, University of Waterloo, Canada, July 25-29, 2005 – Organiz-
ers: J. Burns and K. Morris), respectively.

The organizers of CDPS 2007 sincerely hope that there will bea long continuing series
of similar meetings dedicated to distributed parameter systems, focused on the same aims,
and organized with the renewed support of IFAC.
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Volterra boundary control laws for 1-D parabolic
nonlinear PDE’s

Miroslav Krstic
Mechanical and Aerospace Eng.,
University of California, San Diego,
9500 Gilman Drive,
La Jolla, CA 92093-0411,USA,
krstic@ucsd.edu

Rafael Vázquez
Dpto. de Ingenierı́a Aeroespacial,
Universidad de Sevilla,
Avda. de los Descubrimientos s.n.,
41092 Sevilla, Spain,
rvazquez1@us.es

Abstract

Boundary control of nonlinear parabolic PDEs is an open problem with applications
that include fluids, thermal, chemically-reacting, and plasma systems. We present a
stabilizing control design for a broad class of nonlinear parabolic PDEs in 1-D. Our
approach is an infinite dimensional extension of the feedback linearization/backstepping
approaches for finite dimensional systems employing spatial Volterra series nonlinear
operators. Keywords

Boundary Control, Parabolic Differential Equations, Nonlinear Control

1.1 Introduction

Boundary control of linear parabolic PDEs is a well established subject with extensive lit-
erature. On the other hand, boundary control ofnonlinearparabolic PDEs is still an open
problem as far as general classes of systems are concerned.

Our method is a direct infinite dimensional extension of the finite-dimensional feedback
linearization/backstepping approaches and employs spatial Volterra series nonlinear opera-
tors. We only sketch our method here; a two-part paper [3] hasbeen submitted presenting
the method and its properties in full detail, with examples.This result solves open problem
5.1 in theUnsolved Problemsvolume [1].

1.2 Volterra Series

Volterra series represent general solutions for nonlinearequations and are widely studied in
the literature [2]. A (spatial) Volterra series is defined as

F [u] =

∞∑

n=1

∫ x

0

∫ ξ1

0
· · ·

∫ ξn−1

0
fn(x, ξ1, . . . , ξn)




n∏

j=1

u(t, ξj)


 dξ1 . . . dξn, (1.1)

wherefn is known as then-th (triangular) kernel ofF .
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1.3 Outline of the Method

We consider the stabilization problem for the plant

ut = uxx + λ(x)u+ F [u] + uH[u], (1.2)

ux(0, t) = qu(0, t), u(1, t) = U(t), (1.3)

whereF [u] andH[u] are Volterra series andU(t) the actuation variable. In [3] we show how
nonlinear plants found in applications can be written in theform (1.2)–(1.3).

We solve the problem by mappingu into atarget systemw which verifies

wt = wxx − cw, (1.4)

wx(0, t) = q̄w(0, t), w(1, t) = 0, (1.5)

whereq̄ = max{0, q}. For mappingu intow we use a Volterra transformation

w = u−K[u]. (1.6)

Remark 1.3.1. In [3] we derive the equations that the kernelskn of K in (1.6) verify. It
is a set oflinear hyperbolic PDEs. For eachkn, we get a PDE evolving on a domain of
dimensionn + 1 and with a domain shape in the form of a “hyper-pyramid,”0 ≤ ξn ≤
ξn−1 . . . ≤ ξ1 ≤ x ≤ 1. The equations can be solved recursively, i.e., first fork1 (which
verifies an autonomous equation), then fork2 (which is coupled withk1) using the solution
for k1, and so on. We also show in [3] that the Volterra series definedby thekn’s in (1.6) is
always convergent and invertible (at least locally).

Once we have thekn’s, the stabilizing control law is determined by (1.6) atx = 1

U(t) =

∞∑

n=1

∫ 1

0

∫ ξ1

0
· · ·

∫ ξn−1

0
kn(1, ξ1, . . . , ξn)




n∏

j=1

u(t, ξj)


 dξ1 . . . dξn. (1.7)

Remark 1.3.2. In [3], using the invertibility properties ofK and the exponential stability of
(1.4)–(1.5), we show that the origin of the closed-loop system (1.2)–(1.3) with control law
(1.7) is exponentially stable in theL2 andH1 norms (at least locally). We also illustrate this
result with numerical simulations of several examples of interest.

Bibliography

[1] A. Balogh and M. Krstic. “Infinite dimensional backstepping for nonlinear parabolic PDEs,” in:
Unsolved Problems in Mathematical Systems and Control Theory (V. Blondel and A. Megretski,
Eds.). Princeton University Press, Princeton, NJ, 2004.

[2] S. Boyd, L. O. Chua and C. A. Desoer. “Analytical foundations of Volterra series,”J. of Math.
Control Info., vol. 1, pp. 243–282. 1984.

[3] R. Vazquez and M. Krstic. “Control of 1-D Parabolic PDEs with Volterra Nonlinearities”,
preprint. 2007.
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Robust stability of observers

L. Paunonen
Tampere University of Technology
P.O. Box 692,
33101 Tampere, Finland
lassi.paunonen@tut.fi

S. Pohjolainen
Tampere University of Technology
P.O. Box 692,
33101 Tampere, Finland
seppo.pohjolainen@tut.fi

T. Hämäläinen
Tampere University of Technology
P.O. Box 692,
33101 Tampere, Finland
timo.t.hamalainen@tut.fi

Keywords

Observer Theory, Strongly Continuous Semigroup, Exponential Stability, Perturba-
tion Theory

In this presentation we consider robust stabilization of a distributed parameter system
with an observer [2]. Our aim is to derive conditions under which the compensator stabilizes
the system when the system operator used in the compensator differs from the original one.

Let X, U andY be Hilbert spaces. Consider the systemΣ(A,B,C) where the opera-
torsA : X ⊃ D(A) → X, B ∈ L(U,X) andC ∈ L(X,Y ) are such thatA generates
a C0-semigroup onX, the pair(A,B) is exponentially stablizable and the pair(A,C) is
exponentially detectable. It is well-known that if we choose operatorsF ∈ L(X,U) and
K ∈ L(Y,X) such that operatorsA + BF andA + KC generate exponentially stable
C0-semigroups, then the closed-loop system operatorAc generates an exponentially stable
C0-semigroup onX ×X.

The replacement of the system operatorA with an operator̃A in the observer can be seen
as a perturbation of the closed-loop system operatorAc. Because of this, we can use theory on
the preservation of exponential stablity ofC0-semigroups to derive conditions under which
the new system operator̃Ac generates an exponentially stableC0-semigroup.

BecauseA is an unbounded operator also the perturbation is in generalunbounded. We
assume that the operator̃A is near the original system operator in the sense thatÃ− A is an
A-bounded operator.

We will first derive conditions under which the perturbed system operatorÃc generates
a C0-semigroup onX × X. An application of the perturbation theorem by Miyadera [3]

4



Robust stability of observers CDPS

results in conditions involving theC0-semigroups generated by the operatorsA + BF and
A+KC. On the other hand, we can also obtain conditions involving the resolvent operators
R(λ,A+BF ) andR(λ,A+KC) by applying the results presented by Kaiser and Weis [1].

Subsequently, we can impose additional conditions under which theC0-semigroup gen-
erated byÃc is exponentially stable. BecauseX ×X is a Hilbert space, theC0-semigroup
generated bỹAc is exponentially stable if and only if

sup
λ∈C+

‖R(λ, Ãc)‖ <∞.

We can use this characterization to obtain conditions involving norms of operators(Ã −
A)R(λ,A+BF ) and(Ã−A)R(λ,A+KC). We will also use the theory presented in [4]
to derive conditions involving theC0-semigroups generated by the operatorsA + BF and
A+KC.

Bibliography

[1] Charles J.K. Batty. On a perturbation theorem of Kaiser and Weis.Semigroup Forum,
70:471-474, 2005.

[2] R.F. Curtain and H.J. ZwartAn Introduction to Infinite Dimensional Linear Systems
Theory. Springer-Verlag, New York, 1995.

[3] Klaus-Jochen Engel and Rainer Nagel.One-Parameter Semigroups for Linear Evolu-
tion Equations. Springer-Verlag, New York, 2000.

[4] L. Pandolfi and H. Zwart. Stability of perturbed linear distributed parameter systems.
System & Control Letters, 17:257-264, 1991.
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An H∞–observer at the boundary of an infinite
dimensional system

D. Vries and K. J. Keesman
Wageningen University
P.O. Box 17,
6700 AA Wageningen, NL,
{dirk.vries,karel.keesman }@wur.nl

H. Zwart
University of Twente,
P.O. Box 217,
7500 AE Enschede, NL,
h.j.zwart@utwente.nl

Abstract

We design and analyze anH∞–observer which works at the boundary of an infinite
dimensional system with scalar disturbances. The system isa model of a UV disinfec-
tion process, which is used in water treatment and food industry.

Keywords

Robust filter design, observers, boundary control theory,H∞–optimization

3.1 Introduction

In many (control) applications where (bio)chemical reactions and transport phenomena oc-
cur, measurement and control actions take place at the boundaries. While a theoretical frame-
work already exist ([1] and references therein), there is little attention to apply this theory in
practice, as far as we know.

In [2], the analysis and design of a Luenberger observer for aUV disinfection example
is explored. In this paper, we analyze a robust Luenberger-type observer for the same system
with boundary inputs and boundary outputs, see [2] for physical background,

∂x

∂t
(η, t) = α

∂2x

∂η2
(η, t) − v

∂x

∂η
(η, t) − bx(η, t), x(η, 0) = 0 (3.1)

x(0, t) = w1(t),
∂x

∂η
(1, t) = 0, y(t) = x(η1, t) + w2(t), (3.2)

on the intervalη ∈ (0, 1). Furthermore,α, v, andb are positive constants and correspond-
ing to the diffusion constant, constant flow velocity and micro-organism light susceptibility

6
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constant, respectively. The signalsu(t), w1(t), w2(t) andy(t) represent a scalar input, dis-
turbance (or error) at the inlet boundary (η = 0), disturbances or errors on the output and a
scalar output, respectively.

We design a dynamic Luenberger-type observer,

∂x̂

∂t
(η, t) = α

∂2x̂

∂η2
(η, t) − v

∂x̂

∂η
(η, t) − bx̂(η, t), x̂(η, 0) = 0 (3.3)

x̂(0, t) = 0,
∂x̂

∂η
(1, t) = K(t) ∗ (y(t) − ŷ(t)) , y(t) = x̂(η1, t), (3.4)

with K to be designed, and∗ denotes the convolution product. As a consequence, the dy-
namics for the errorε(η, t) = x(η, t) − x̂(η, t) is written as

∂ε

∂t
(η, t) = α

∂2ε

∂η2
(η, t) − v

∂ε

∂η
(η, t) − bε(η, t), ε(η, 0) = 0 (3.5)

ε(0, t) = w1(t),
∂ε

∂η
(1, t) = K(t) ∗ (ε(η1, t) + w2(t)) . (3.6)

Please notice that the correction to possible disturbancesw takes place at the boundary.

3.2 H∞–filter problem

The aim is now to design aK such that the disturbancesw1 andw2 have hardly any influence
onε(1, t). This would enable us to predict the value ofx atη = 1 accurately. Since the future
of the output cannot be used, we see thatK must be causal. We can write this problem as a
standardH∞–filtering problem, i.e. ,

inf
K causal

sup
w

‖ε(1)‖2

‖w‖2

with w(t) =
(
w1(t) w2(t)

)>
.

In [2], we already explored the exponential stability for the error dynamics (3.5)–(3.6)
with constant gain. In the talk we shall further outline the procedure of howK is designed
for the UV-disinfection example.

Bibliography

[1] R.F. Curtain and H. Zwart.An Introduction to Infinite Dimensional Linear Systems The-
ory. Springer-Verlag, New York, 1995.

[2] D. Vries, K. Keesman, and H. Zwart. A Luenberger observerfor an infinite dimensional
bilinear system: a UV disinfection example.Accepted for SSSC’07, Foz de Iguassu,
Brazil.
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Keywords
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reaction processes

This talk will present an overview of our recent work on predictive control of various
classes of distributed parameter systems. Specifically, wewill initially focus on predictive
control of linear parabolic PDEs with state and control constraints [5], and design reduced
order predictive controller formulations, which upon being feasible, guarantee both stabiliza-
tion and state constraint satisfaction for the infinite dimensional system. First, the PDE is
written as an infinite dimensional system in an appropriate Hilbert space and modal decom-
position techniques are used to derive a finite-dimensionalsystem that captures the dominant
dynamics of the infinite dimensional system, and express theinfinite dimensional state con-
straints in terms of the finite-dimensional system state constraints. A number of MPC for-
mulations, designed on the basis of different finite-dimensional approximations, will be pre-
sented and compared. The closed–loop stability propertiesof the infinite dimensional system
under the low order MPC controller designs are analyzed, andsufficient conditions, which
guarantee stabilization and state constraint satisfaction for the infinite dimensional system un-
der the reduced order MPC formulations, are derived. Other formulations are also presented
which differed in the way the evolution of the fast eigenmodes are accounted for in the per-
formance objective and state constraints. The impact of these differences on the ability of the
predictive controller to enforce closed-loop stability and state constraints satisfaction in the
infinite-dimensional system are also analyzed. The MPC formulations are applied, through
simulations, to the problem of stabilizing an unstable steady-state of a linearized model of a
diffusion-reaction process subject to state and control constraints. Moreover, we extend our
approach [4] to deal with nonlinear parabolic PDEs with state and control constraints arising
in the context of diffusion-reaction processes and developed computationally-efficient non-
linear predictive control algorithms. Finally, recent results on predictive control of linear
parabolic PDEs with boundary control actuation [3], predictive control of linear stochastic
parabolic PDEs [8] and predictive control of particulate processes based on population bal-
ance models [9] will be discussed.
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Relation between the growth ofexp(At) and(
(A + I)(A − I)−1

)n
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Abstract

Assume thatA generates a boundedC0-semigroup on the Hilbert spaceZ, and
define the Cayley transform ofA asAd := (A+I)(A−I)−1 . We show that there exists
a constantM > 0 such that‖(Ad)

n‖ ≤M ln(n+ 1), n ∈ N.

Keywords

Cayley transform, reciprocal systems, stability.

5.1 Introduction

Consider the abstract differential equation

ż(t) = Az(t), z(0) = z0 (5.1)

on the Hilbert spaceZ. A standard way of solving this differential equation is theCrank-
Nicolson method. In this method the differential equation (5.1) is replaced by the difference
equation

zd(n+ 1) = (I + ∆A/2)(I − ∆A/2)−1zd(n), zd(0) = z0, (5.2)

where∆ is the time step. We denote(I + ∆A/2)(I − ∆A/2)−1 byAd.
If Z is finite-dimensional, and thusA is a matrix, then it is easy to show that the solutions

of (5.1) are bounded if and only if the solutions of (5.2) are bounded:

sup
t≥0

‖eAt‖ =: Mc <∞

11
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(
(A+ I)(A − I)−1

)n

if and only if

sup
n∈N

‖(Ad)n‖ =: Md <∞.

However, the best estimates forMd depend onMc and the dimension ofZ, see [2].
If Z is infinite-dimensional, then under the assumption thatA andA−1 generate a bounded

C0-semigroupeAt, andeA
−1t, respectively, the following estimate has been obtained,

Md = sup
n∈N

‖(Ad)n‖ ≤ 2e · (M2
c +M2

c,−1), (5.3)

whereMc = sup
t≥0

‖eAt‖ andMc,−1 = sup
t≥0

‖eA−1t‖, see [1], [3], and [5]. Note that this

estimate is independent of time step∆.
However, at the moment it is unclear whether the boundednessof the semigroup gener-

ated byA implies the existence and the boundedness of the semigroup generated byA−1. So
we take another approach to study the behavior of(Ad)

n.

5.2 The growth of(Ad)
n

In [3] the following result is shown.

Theorem 5.2.1.LetA generate a boundedC0-semigroup on the Hilbert spaceZ, then there
exists a constantM > 0 such that‖(Ad)n‖ ≤M ln(n+ 1) for n ∈ N.

The proof of [3] uses estimates on resolvents and contour integrals. We present a proof
which is based on techniques from system theory. More precisely, we use Lyapunov equa-
tions to obtain the estimate. If the semigroup generated byA is exponentially stable, then for
smalln’s the estimate in Theorem 5.2.1 can be improved. We remark that by posing an extra,
nontrivial condition on the resolvent ofA, one can prove boundedness of(Ad)

n, see [4].

Bibliography

[1] T.Ya. Azizov, A.I. Barsukov, and A. Dijksma, Decompositions of a Krein space in reg-
ular subspaces invariant under a uniformly boundedC0-semigroup of bi-contractions,
Journal of Functional Analysis, 211, (2004), 324–354.

[2] J.L.M. van Dorsselaer, J.F.B.M. Kraaijevanger, and M.N. Spijker,Linear stability anal-
ysis in the numerical solution of initial value problems, Acta Numerica, (1993), 199–
237.

[3] A.M. Gomilko, The Cayley transform of the generator of a uniformly boundedC0-
semigroup of operators,Ukrainian Mathematical Journal, 56, no. 8 (2004), 1018-1029
(in Russian). English translation inUkrainian Math. J., 56, no. 8, 1212–1226, (2004).

[4] A.M. Gomilko and H. Zwart, The Cayley transform of the generator of a boundedC0-
semigroup. (to appear).

[5] B.Z. Guo and H. Zwart, On the relation between stability of continuous- and discrete-
time evolution equations via the Cayley transform,Integral Equations and Operator
Theory, 54, 349–383, (2006).

12



6

The observer infinite-dimensional Sylvester equation
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Abstract

The paper studies the infinite-dimensional algebraic Sylvester equation as it appears
in the designing of an asymptotic observer for a linear infinite-dimensional system. The
approach involves the concept of an implemented semigroup,see [1] and [2].

Keywords

Sylvester equation, implemented semigroup, observer design.

6.1 Introduction and problem description

In order to study the infinite-dimensional version of the observer Sylvester equation we in-
troduce the following notation and assumptions

1. The family(S(−t))t∈R ⊂ HE is a strongly continuous group with generator(−E,D(−E)),
whereHE := L (HE).
2. U andY are Hilbert spaces called the output space and the input space. B ∈ L (U,HE)
is the (bounded) input operator.C ∈ L (HE

1 , Y ) is the (unbounded) output operator.

Under the above assumptions we consider the infinite-dimensional control system

ẋ(t) = −Ex(t) +Bu(t) , x(0) = x0 , (6.1a)

y(t) = Cx(t) , (6.1b)

where(x(t))t≥0 is the state trajectory,(u(t))t≥0 ⊂ U is the control and(y(t))t≥0 ⊂ Y is the
output. For the system (6.1) we want to design anasymptotic state observer. In order to do
that we consider the following infinite-dimensional dynamical system

ż(t) = A−1z(t) +Gy(t) +Hu(t) , z(0) = z0 , (6.2)
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where(z(t))t≥0 is the state trajectory, under the following assumptions:

3. The family(T (t))t≥0 ⊂ HA is exponentially stable strongly continuous semigroup with
generator(A,D(A)), whereHA := L (HA).
4.G ∈ L (Y,HA

−1) is the output operator.H ∈ L (U,HA) is the input operator.

Under these assumptions we study the following operator equation:

A−1Mh+MEh = −GCh , h ∈ HE
1 , (6.3)

whereM ∈ H := L(HE ,HA) and the equality is understood inHA
−1, andH = MB.

6.2 Main results

Since (6.3) has the form of the algebraic Sylvester equationwe can now use the results
coming from the implemented semigroup theory [1] to see thatif GC ∈ H−1 andω0(T ) +
ω0(S) < 0, then (6.3) has a unique solutionM ∈ H. Here the spaceH−1 plays a crucial role
and is defined as the extrapolation space for the implementedsemigroup(U(t))t≥0 ⊂ L(H),
whereU(t)X := T (t)XS(t) for X ∈ H, andω0(T ) andω0(S) denote growth bounds of the
corresponding semigroups. Since the errore(t) = z(t) −Mx(t) satisfies

‖e(t)‖A = ‖T (t)e(0)‖A ≤ C1e
ω1t‖e(0)‖A , t ≥ 0 , (6.4)

whereω1 is an arbitrary constant satisfying the condition0 > ω1 > ω0(T ), thenlimt→∞ ‖z(t)−
Mx(t)‖A = 0 . If additionally, the operatorsA,G andH are such thatM ∈ H has a bounded
inverseM−1 ∈ L (HA,HE), then we have

lim
t→∞

‖M−1z(t) − x(t)‖E = 0 . (6.5)

This condition means that the system (6.2) is actually anasymptotic state observerfor the
control system (6.1). The rate of convergence (6.5) can be estimated by

‖M−1z(t) − x(t)‖E ≤ ‖M−1‖L (HA,HE)‖z0 −Mx0‖AC1e
ω1t , t ≥ 0 ,

and it follows that this convergence may be arbitrary large by a suitable choice of the growth
boundω0(T ) in the observer (6.2).

6.3 Final comments

The observer design problem based on the Sylvester equation(6.3) can be generalized to a
problem where operatorsE, B andC are given and we are looking forA, G andM such
that the equations (6.3) andH = MB hold.
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Abstract

In this talk spectral properties of perturbed closed, densely defined operators on a
Banach space are studied.

Keywords

Resolvent linear systems, perturbed closed operators, spectral properties.

7.1 Introduction

The theory of perturbations of unbounded operators is well documented in Kato [3], Pazy
[5] and in Engel and Nagel [1]. The results depend crucially on the choice of the class
of perturbations. Salamon obtained nice results for structured perturbations of semigroup
generators on a Hilbert space in [6] using a feedback approach as used in systems theory.
The main aim was to obtain the most general conditions on the triple of unbounded operators
A,B,C so that the closed-loop operatorA + BKC or some generalization would generate
a C0-semigroup. This was done in [6] and also by Weiss [7] for the class ofwell-posed
linear systems. An extension to unbounded perturbations on Banach spaces can be found in
Hadd [2]. Our focus in this paper is on spectral properties ofthe closed-loop operator. As an
example we quote a very special case of the result from [6, Lemma 4.4].

Theorem 7.1.1.LetX,Y,U be Hilbert spaces. Suppose thatA is the infinitesimal generator
of aC0-semigroup onX, B ∈ L(U,X),K ∈ L(Y,U) andC ∈ L(X,Y ). Then forλ ∈
ρ(A), we have

λ ∈ ρ(A+BKC) ⇐⇒ I −KC(λI −A)−1B is boundedly invertible,
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In the above, the system has the generating operatorsA,B,C and the transfer function
G(s) = C(sI − A)−1B. Under the feedback operatorK we obtain theclosed-loop system
A + BKC,B,C with transfer functionGK(s) = G(s)(I − KG(s))−1 = C(sI − A −
BKC)−1B. This framework was generalized to the class ofwell-posed linear systemsin
[6] and [8]. The main drawback of the above approach is the admissibility assumptions that
need to be imposed onB,C which are often difficult to check. In addition,X is assumed
to be a Hilbert space. Our main aim in this paper is to obtain analogous perturbation results
for closed, densely defined operatorsA on a Banach spaceX. Our first step is to obtain
structured perturbation results for pseudo-resolvents, see [4].

Definition 7.1.2. Let X be a Banach space andΛ ⊂ C be a domain. The operator-valued
functiona : Λ → L(X) is called apseudo-resolventif it satisfies

a(β) − a(α) = (α− β)a(β)a(α), ∀α, β ∈ Λ.

If there exists a closed, densely defined operatorA such thata(β) = (βI−A)−1, then the
pseudo-resolvent is a resolvent. However, even in this casethe closed-loop pseudo-resolvent
might not be a resolvent. We give conditions under which thisis the case and we generalize
Theorem 7.1.1 to closed, densely defined operators on a Banach space.
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Abstract

In Ho, Russell [3], and Weiss [5], a Carleson measure criterion for admissibility
of one-dimensional input elements with respect to for diagonal semigroups is given.
In this note we extend their results from the Hilbert space situationX = `2 andL2–
admissibility to the more general situation ofLp–admissibility on`q–spaces. In case
of analytic diagonal semigroups we present a new proof showing a link to reciprocal
systems in the sense of Curtain [1].

Keywords

Diagonal systems, admissibility, reciprocal systems, Carleson measures

8.1 Introduction

Consider the infinite dimensional linear system described by the differential equation

x′(t) +Ax(t) = Bu(t) x(0) = x0 (8.1)

on a Banach spaceX = `q, q ∈ (1,∞). We assume that the injective operator−A is
the generator of a bounded diagonal semigroupS(·) acting by

(
S(t)x

)
n

= exp(−λn)xn,
n ∈ N wherexn denotes then-the component ofx ∈ X. Let B ∈ B(U,X−1) where
X−1 := {(ξn) : (ξn/(1 + λn)) ∈ X}. A solution of (8.1) is necessarily of the form

z(t) = S(t)x0 +

∫ t

0
S−1(t−s)Bu(s) ds

Notice thatz(t) is a well-defined element ofX−1 for t ≥ 0 but generally there is no reason
why z(t) should be an element ofX. A bounded operatorB ∈ X−1 is calledfinite-time
Lp–admissiblefor A, (p ∈ [1,∞]) if for every τ > 0 there exists a constantK > 0 such that

∥∥∥
∫ t

0
S−1(t− s)Bu(s) ds

∥∥∥
X

≤ K‖u‖Lp(0,τ) t ∈ [0, τ ]
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If the constantK may be chosen independently ofτ > 0, b is calledLp–admissiblefor A.
For the special casep=2 there is a large literature on the notion admissibility, we refer to
the survey [2] for extended references. In this note we focuson one-dimensional control
operatorsB represented by an elementb ∈ X−1. A well-known result of Ho and Russell [3]
and Weiss [5] characterises admissibility in casep=q=2 by the Carleson measure property of
the associated discrete measureµ =

∑
n |bn|qδλn . We present the following extension: Let

Hs denote the Hardy space of exponents on the right half plane. Letα > 0. A non-negative
measureµ on C+ is called anα–Carleson measure if the identity, actingHαq → Lq(µ), is
bounded for one (and thus all)q ∈ (1,∞). In casep=q=2 the following result is Ho and
Russell [3].

Theorem 8.1.1.Let p ∈ (1, 2], q ∈ (1,∞) andαq = p′ wherep′ is the dual exponent of
p. Thenb = (bn) is an infinite-timeLp–admissible input element forA onX = `q provided
that the discrete measureµ =

∑
n |bn|qδλn is anα–Carleson measure.

In caseα ≤ 1 the condition is in fact necessary and sufficient. Forα = 1 this is Weiss [5],
in caseα ≤ 1 necessity has been considered independently in [4]. Forα > 1 necessity is
still work in progress. A second theorem covers the whole range of values forp andq, but
requires analyticity of the semigroup.

Theorem 8.1.2.Letp, q ∈ (1,∞) andαq = p. Letθ ∈ (0, π/2) and let−A be an injective
diagonal operator generating an analytic semigroup. Thenb = (bn) ∈ X−1 is an (infinite-
time)Lp–admissible input element forA onX = `q provided that the discrete measureµ
given byµ =

∑
n | bnλn |

qδλ−1
n

is anα–Carleson measure.

Again, in caseα ≤ 1 the criterion is necessary and sufficient, whereas in caseα > 1 necessity
is work in progress. Theorem 8.1.2 may be seen as a result for the reciprocal system

z′(t) +A−1z(t) = A−1Bu(t)
in the sense of Curtain [1]. This observation allows to give a’direct’ (i.e. involving λn
instead ofλ−1

n ) criterion forLp–admissibility that extends the range of possible values for
p, q in Theorem 8.1.1.
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Abstract

Diffusive representations are extended tonon-causalpseudo-differential operators
such as(−∆)γ , for − 1

2 < γ < 1
2 . The idea can be seen as an extension of the Wiener-

Hopf factorization and slitting techniques to irrational transfer functions. The interest
is twofold: energy inequalities are proved that lead to well-posedness, and stable and
efficient numerical schemes are derived, withoutany hereditary behaviour.

Keywords

Fractional Laplacian, Riesz fractional integro-differentiation, non-causal diffusive
representation, Wiener-Hopf factorization

9.1 Introduction

Fractional Laplacian has recently attracted attention in modelling, see e.g. [2, 3], as well as
in control theory, see e.g. [4, 6]. Even if the theory of Rieszpotentials is not new, and can be
accounted for in [7,§. 12. & §. 25.], we find it quite difficult to bridge the gap between these
abstract pseudo-differential operators and a concrete wayto represent them, in a sense close
to realization theory ; even more difficult is the task of deriving stable numerical schemes for
such systems.

The aim of this work is to show that elementary first-order systems, either causal or
anti-causal, with appropriate aggregation, lead to the representation ofnon-causalpseudo-
differential operators, such as :y = (−∆)−β/2 u, called the Riesz fractional integral of
order 0 < β < 1, andz = (−∆)+α/2 u, called the Riesz fractional derivative of order
0 < α < 1. The underlying ideas are those of diffusive representations, see e.g. [8,§. 5] and
[5], combined with the Wiener-Hopf techniques, as detailedin e.g. [1,§. 7].
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9.2 Non-causal diffusive representations

Following [1, §. 7.1], the stable kernelh(x) = 2 e−|x| can be decomposed intoh±, with
supportR±; hence the convolutiony = h ? u can be seen as the sum of two subsystems,
namely∓∂xϕ±(x) = −1ϕ±(x) + u(x), ϕ±(0) = 0, andy = ϕ+ + ϕ−.

We apply this decompostion tohβ(x) = 1
Γ(β) |x|β−1, using the diffusive realization of

some irrational transfer functions with branchpoints (see[1, §. 7.2]).
Let φ+(λ, x) thecausalsolution of:

∂xφ
+(λ, x) = −λφ+(λ, x) + u(x), λ > 0, φ+(x = 0) = 0,
y+(x) =

∫ ∞
0 φ+(λ, x)µβ(λ) dλ,

z+(x) =
∫ ∞
0 [−λφ+(λ, x) + u(x)] µβ(λ) dλ .

(9.1)

Let φ−(λ, x) theanti-causalsolution of:

−∂xφ−(λ, x) = −λφ−(λ, x) + u(x), λ > 0, φ−(x = 0) = 0,
y−(x) =

∫ ∞
0 φ−(λ, x)µβ(λ) dλ,

z−(x) =
∫ ∞
0 [−λφ−(λ, x) + u(x)] µβ(λ) dλ .

(9.2)

Then, thestandardoutputy := (2 cos 2βπ)−1 [y+ + y−] is y = (−∆)−β/2u; whereas the
extendedoutputz := (2 cos 2απ)−1 [z+ + z−] is z = (−∆)+α/2u, for the particular choices
α = 1 − β andµβ(λ) = sinβπ

π λ−β.
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Abstract

We consider the approximate controllability of a reaction-diffusion system by con-
trols acting on the boundary. Using a parameterization of the solution involving infinite
many integrals of the system, we exhibit a “flat” output for the system. This allows us
to prove that the linearized system is approximatively controllable. We also study the
motion planning problem and compute the control.

10.1 Introduction

The general class of equations under consideration is a reaction-diffusion system of the fol-
lowing type,





Φt = Φxx + f1(Φ,Ψ) , Ψt = f2(Φ,Ψ), (x, t) ∈ (0, L) × (0, T ),
Φx(0, t) = 0, , Φx(L, t) + Φ(L, t) = G(t), t ∈ (0, T ),
Φ(x, 0) = Φ0, Ψ(x, 0) = Ψ0, x ∈ (0, L).

(10.1)

where,Φ = (φ1, ..., φn) is the vector of diffusing species andΨ = (ψ1, ..., ψm) is the vector
of stored species. The functionsf1 and f2 are given inL∞(Rn+m)n andL∞(Rn+m)m

respectively andG is the control vector inL2(0, T )n . This type of system appears in varied
domains such as chemistry, electrophysiology (see [2] e.g.), genetics, combustion... Let us
consider the example of the NOx-trap catalyst. A NOx trap catalyst can be used to reduce
harmful NOx emissions from vehicles that use a combustion mixture with a high amount of
oxygen (lean-burn). This is done by storing NOx on the catalyst surface during the time the
engine runs lean and subsequently switching the engine to rich operation to reduce the stored
NOx. A controller can be used to determine how and at what moment to conduct this switch
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in order to obtain the best compromise between emission levels and fuel efficiency. After
linearization and rescaling, we get the following model (see [1])





Φt = Φxx − Φ + Ψ, Ψt = Φ − Ψ, (x, t) ∈ (0, 1) × (0,+∞),
Φx(0, t) = 0 , Φx(1, t) + Φ(1, t) = U(t), t ∈ (0,+∞)
Φ(x, 0) = 0, Ψ(x, 0) = 0, t ∈ (0,+∞).

(10.2)

whereΦ are the gaseous species andΨ is the proportion of occupied sites. The controlU(t)
is the concentration of the speciesΦ at the entrance of the catalytic converter.

10.2 Motion planning of the PDE (10.2)

Let us focus on (10.2), and restrict ourself to the caseΦ(x, t) ∈ R, andΨ(x, t) ∈ R. We may
prove that, by lettingS(t) = etΦ(0, t), the solutions of (10.2) can be parameterized byS,
i.e. we formally computeΦ(x, t) = e−ty(x, t), Ψ(x, t) = e−tz(x, t), andU(t) = e−tu(t)
where

y(x, t) =
∞∑

n=0

[
n∑

k=0

(−1)kCknS
(n−2k)(t)

]
x2n

(2n)!
, (10.3)

z(x, t) =

∞∑

n=0

[
n∑

k=0

(−1)kCknS
(n−2k−1)(t)

]
x2n

(2n)!
, (10.4)

u(t) =

∞∑

n=0

[
n∑

k=0

(−1)kCknS
(n−2k)(t)

]
1

(2n)!
+

∞∑

n=1

[
n∑

k=0

(−1)kCknS
(n−2k)(t)

]
1

(2n− 1)!
.

(10.5)

Roughly speaking, this result means that the system (10.2) is “flat-like” since the solu-
tions are parameterized involving infinite many integrals of the system. It is not “flat” in the
sense of [3] since we need to integrateS instead of differentiate.

Theorem 10.2.1.WhenS(t) is Gevrey of orderα < 2, the formal solutions(10.3)-(10.4)are
Gevrey of orderα in t and1 in x and the formal control(10.5)is Gevrey of orderα.

We recall that, a smooth functionh : t ∈ [0, T ] 7→ y(t) is Gevrey of orderα if there exist
M , andR such that for allm ∈ N, supt∈[0,T ]

∣∣h(m)(t)
∣∣ ≤ M (m!)α

Rm . We prove the following
result of motion planning:

Theorem 10.2.2.For all T > 0, for all ΦT , ΨT in L2(0, 1), we may compute explicitly the
controlU(t) which approximately steers system(10.2)from the initial state(0, 0) to the final
state(ΦT ,ΨT ) in timeT .
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fixed-bed reactor
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Abstract

The Linear-Quadratic optimal control problem is studied for a partial differential equa-
tion (PDE) model of a fixed-bed reactor, by using a nonlinear infinite dimensional
Hilbert state space description. First the LQ-optimal state feedback operator is com-
puted for the linearized model around a chosen profile along the reactor. A Riccati
equation is used for computing the state feedback controller. Then the controller is
applied to the nonlinear model, and the resulting closed–loop system dynamical perfor-
mance is analyzed.

Keywords

Fixed-bed reactors; Infinite-dimensional systems; LQ-optimal control; Asymptotic sta-
bility; nonlinear contraction semigroup.

11.1 Model Description

Fixed-bed reactors cover a large class of industrial processes in chemical and biochemical en-
gineering. In most industrial applications of fixed-bed reactors, the reactant wave propagates
through the bed with a significantly larger speed than the heat wave because the exchange of
heat between the fluid and packing slows the thermal wave down.

The dynamics of fixed-bed reactors are described by nonlinear PDE’s derived from mass
and energy balances. Here, we consider a fixed-bed reactor with the following elementary
chemical reaction (see [3, Section 3.7]):A −→ B. The reaction is endothermic and a jacket
is used to heat the reactor. A dynamic model of the process hasthe form:

ρpcpb
∂T

∂t
= −ρfcpfvl

∂T

∂z
+ (−∆H)k0CA exp(− E

RT
) +

Um
Vr

(Tj − T ) (11.1)
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ε
∂CA
∂t

= −vl
∂CA
∂z

− k0CA exp(− E

RT
) (11.2)

subject to the initial and boundary conditions:

T (0, t) = Tin, T (z, 0) = T0(z)
CA(0, t) = CA,in, CA(z, 0) = CA0(z)

(11.3)

11.2 Control Design

In [3], a robust controller is designed for this model of a fixed-bed reactor. The controller
is synthesized on the basis of a reduced-order slow model, since in this type of reactor the
reactant wave propagates through the bed with a significantly larger speed than the heat wave.
Here we are interested in the design of an LQ-controller in order to regulate the temperature
in the reactor by usingTj as a manipulated input with the understanding that in practice its
manipulation is achieved indirectly through manipulationof the jacket inlet flow rate (see [3,
Subsection 2.7.4] for more details). Observe that the fixed-bed reactor model can be written
as follows:

∂x

∂t
= V

∂x

∂z
+ f(x, u) (11.4)

The objective of this work is basically two-fold : (a) to extend the Linear-Quadratic problem,
studied in [1] for the system (11.4) when the matrixV is diagonal with identical entries,
to more general class that includes the fixed-bed reactor model (V diagonal with different
entries), (b) to implement this extension to study the Linear-Quadratic problem for the fixed-
bed reactor (see [2]).
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Abstract

We consider the problem of detecting a moving source in 2D diffusion-advection
process, often describing environmental processes, by utilizing a network of sensing
devices within the 2D spatial domain. The devices are assumed to have actuating capa-
bilities aimed at containing the moving source by minimizing its effects on the process
concentration. In order to increase the source-detecting abilities of the sensor network,
these devices measure spatial gradients as opposed to only process concentration. Ad-
ditionally, the monitoring scheme estimates the process state and at the same time in-
troduces a power management scheme, whereby a subset of the available sensors within
the network are kept active over a time interval while the remaining devices are kept
dormant. The resulting hybrid infinite dimensional system switches both the actuator,
deemed more suitable to contain the source over the durationof a given time interval,
and its associated control signal. Extensive simulation studies utilizing at most16% of
the total sensors and16% of the total actuators used in minimizing the effects of the
moving source are presented.

Keywords

Distributed Parameter Systems, Sensor Network, Source Localization.

12.1 Introduction

This work is concerned with the abstract formulation and numerical implementation of a
methodology that allows for either the development of an integrated mobile sensor naviga-
tion or the fixed-in-space sensor scheduling policy. Additionally, it synthesizes supervisory
estimators of diffusion-advection processes havingunknown moving sources(intruders). It
is assumed that the processes under consideration have a sensor network strategically dis-
tributed in a spatial domain and it is desired toactivate only a subsetof such a sensor network
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during a given time interval while the remaining sensors stay dormant. At the same time, as
the need arises, to also provide an optimal sensor navigation policy to minimize detection
time, and to possibly contain a moving source (intruder).

The process under consideration is taken to be a simplified version of a transport model
[4] described by the 2D diffusion-advection partial differential equation

∂c

∂t
=

∂

∂χ

(
κχχ

∂c

∂χ

)
+

∂

∂ψ

(
κψψ

∂c

∂ψ

)
−uχ

∂c

∂χ
−uψ

∂c

∂ψ
+µc+ b1(t, χ, ψ)+ b2(χ,ψ)u(t)

wherec(t, χ, ψ) denotes the concentration as a function of timet and spatial variables(χ,ψ) ∈
Ω. For simplicity, a rectangular domain is assumed withΩ = [0, Lχ] × [0, Lψ ] ⊂ R

2. For
simplicity one assumes that the velocity vectoru = (uχ, uψ) and the (eddy) diffusivities
κχχ(t, χ, ψ), κψψ(t, χ, ψ) are constant. The spatial functionb2(χ,ψ) describes the spatial
distribution of the actuating devices andu(t) the control signal delivered by these devices to
the process. The moving source term with intensityf(t) [1], is located atθs = (χs, ψs) and
is given byb1(t, χ, ψ) = δχ(χ − χs(t))δψ(ψ − ψs(t)) f(t), whereθs(t) = (χs(t), ψs(t))
denotes the point source trajectory withinΩ. Following the earlier work in [3], one may
assume that partial measurements are available in the form of pointwise information of the
concentrationc(t, χ, ψ) at theith spatial location(χi, ψi)

yi(t) = c(t, χi, ψi) =

∫ Lχ

0

∫ Lψ

0
δχ(χ− χi)δψ(ψ − ψi)c(t, χ, ψ) dχ dψ

The above system may be viewed as an evolution equation in a Hilbert space [2]

Ẋ (t) = AX (t) + B1(t)f(t) + B2u(t),

yi(t) = CiX (t), i = 1, 2, . . . ,m,

whereX (·) is the state of the infinite dimensional system andA, B1(t), B2, Ci are the as-
sociated operators. The operatorC(t) incorporates the motion of the sensors, and thus the
problem of sensor motion is translated to the time variationof C(t).

The main objectives of this work are (i) to estimate the process statec(t, χ, ψ) for all t in
a time intervalI, t ∈ I ⊆ R

+ and all spatial points(χ,ψ) ∈ Ω, (ii) to estimate the location
θs(t) of the unknown source and (iii) to provide an easily implementable containment policy
of the moving source.
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Abstract

The objective of this paper is to provide applicable methodologies for optimization
problems of a spatially moving (or scanning) actuator within the theoretical framework
of switched Pritchard-Salamon systems. Two optimization algorithms are proposed and
applied to two relevant examples of moving actuators: a parabolic and a hyperbolic
switched system. Some open problems have been also identified. Extensive simulation
studies implementing switching control strategies were also performed.

Keywords

Switched Systems, Distributed Parameter Systems, Moving Actuators, Optimal Con-
trol.

13.1 Introduction

Many engineering applications consider the use of sensor and actuator networks to provide
efficient and effective monitoring and control of processes. In particular, the use of mobile
sensors and actuators has been receiving attention as it brings forth an added dimension to
the efficient use of sensing and actuating devices as regardsto reduction in power consump-
tion, improved performance and efficient monitoring. However, there are gaps between the
existing theory and applications. The main objective of this paper is to start filling in one of
these gaps. More precisely it is intended to provide applicable methodologies for optimiza-
tion problems of a spatially moving (or scanning) actuator within the theoretical framework
of switched Pritchard-Salamon systems. This is a class of distributed parameter systems that
allows for unbounded input and unbounded output operators.Two optimization algorithms
are proposed: the first algorithm solves an optimal control problem on a finite-time interval;
using the second algorithm one can solve a robust control problem. The algorithms are then
applied to two relevant examples of moving actuators: a parabolic and a hyperbolic switched
system.
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13.2 Problem Formulation

Let (Sp)p∈P , for some index setP, be a family of smooth Pritchard-Salamon systems, of the
form (T (·), Bp, Cp,D). We consider the finite-time interval[t0, tf ], i.e., tf < ∞. To the
family (Sp)p∈P , we associate the set

Σ = {σ | σ : [t0, tf ] → P piecewise constant}

of all possible switches between the given systems.
Thefamily of switched systems((Sp)p∈P ,Σ) taken under consideration are the hybrid dy-

namical systems consisting of the family of continuous-time systems(Sp)p∈P together with
all switching rulesσ ∈ Σ, all initial statesx(0) = x0 ∈ V , and all inputsu ∈ L2([t0, tf ];U)
(V andU separable Hilbert spaces).

Assumption 13.2.1.Consider the following assumptions

1. The initial conditions for the state at the beginning of each subinterval are given and
they are considered to be the end values of the solution on thepreceding time-interval.

2. There are only a finite numberm ≥ 2 of admissible locations for the moving actuator.

3. The time required by the actuating device to traverse froma location to another one is
negligible.

4. The choice of the residence time∆t is larger than the minimum dwell timeτd.

Problem 13.2.2.Given a family of switched systems((Sp)p∈P ,Σ) which satisfies Assump-
tions 13.2.1 and an initial conditionx0 ∈ V , find an optimal control and an optimal switching
function that minimize an appropriate cost functional overall possible trajectories of the of
((Sp)p∈P ,Σ).

Theorem 13.2.3.Problem 13.2.2 has at least one solution.

An algorithm for solving Problem 13.2.2 is provided. The algorithm contains six steps
structured in two parts.

The result is extended to the robust case where a disturbanceis taken into considera-
tion and an associatedH∞ robust control scheme is adapted to the moving actuator case.
Numerical results on a parabolic and a hyperbolic system arealso presented.
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proach. Birkhäuser, Boston-Basel-Berlin, 1993.

29



Control of Distributed Parameter
Systems: a tribute to

Frank M. Callier

30



 



14

The motion planning problem and exponential
stabilization of a heavy chain
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Abstract

A model of a heavy chain system with a tip mass is interpreted as an abstract semi-
group system on a Hilbert state space. We solve the output motion planning problem
using the inverse of the input–output operator. Next, a problem of exponential stabiliza-
tion is formulated and solved using the colocated stabilizer.

Keywords

infinite–dimensional systems, motion planning problem, exponential stabilization.

14.1 Introduction: A heavy chain system

We consider a heavy chain control system loaded by a lumped massm > 0,





φtt(ξ, t) =
[
g
(
ξ + µ

)
φξ(ξ, t)

]
ξ
, ξ ∈ [0, L]

φtt(0, t) = gφξ(0, t),
φ(L, t) = u(t),
y(t) = φ(0, t),





. (14.1)

Hereg stands for the acceleration due to gravity,µ := m
Sρ = mL

M whereρ, L, S andM
are, respectively, the density of a chain, its length, are ofthe cross section and its mass. Let
φ(ξ, 0) = 0, φt(ξ, 0) = 0, u ∈ C2[0,∞) with u(0) = 0.
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14.2 The semigroup model

H := R⊕H1
L(0, L)⊕ L2(0, L) where H1

L(0, L) :=
{
Φ ∈ H1(0, L) : Φ(L) = 0

}
is a closed

subspace of the Sobolev space H1(0, L). We endow H with theenergeticscalar product,

〈

v
φ
ψ


 ,



V
Φ
Ψ



〉

= µvV +

L∫

0

g(ξ + µ)φ′(ξ)Φ′(ξ)dξ +

L∫

0

ψ(ξ)Ψ(ξ)dξ

Treating, for any fixedt ≥ 0, the vectorx(t),

x(t)(ξ) =




v(t)
Φ(ξ, t)
Ψ(ξ, t)


 =




φt(0, t) − u̇(t)
φ(ξ, t) − 1(ξ)u(t)
φt(ξ, t) − 1(ξ)u̇(t)


 , ξ ∈ [0, L]

as an element of H we can rewrite (14.1) into its abstract form




ẋ(t) = Ax(t) + dü(t),
x(0) = du̇(0)
y(t) = h∗x(t) + u(t)





X:=x−du̇⇐⇒





Ẋ(t) = A [X(t) + du̇(t)] ,
X(0) = 0
y(t) = h∗X(t) + u(t)



 , (14.2)

A



v
Φ
Ψ


 =




gΦ′(0)
Ψ[

g(· + µ)Φ′(·)
]′


 , D(A) =







v
Φ
Ψ


 ∈ H :





Φ ∈ H2(0, L)
Ψ ∈ H1

L(0, L)
Ψ(0) = v







 ,

d =




−1
0

−1


 ∈ H \D(A), h =

1

g




0
− ln(· + µ) + ln(L+ µ)

0


 ∈ D(A) .

Theorem 14.2.1.A has a countable spectrum consisting entirely of purely imaginary single
eigenvaluesλ±n ∼ ±j nπ

β−α , n ∈ N, and a set of corresponding eigenvectors which is an
orthonormal basis of H.A generates a unitary group{S(t)}t∈R on H.

14.3 The output motion planning problem

We wish to find a controlu which gives rise to a given, sufficiently smooth, output trajectory.
If y ∈ C4[0,∞) with supp y = [β − α,∞) is a given (planned) output trajectory then

ü(t) =
1

2π

∫ t

0
det

[
p(τ) q(τ)

y(4)(t− τ − β + α) y(4)(t− τ + β − α)

]
dτ , (14.3)

with u(0) = u̇(0) = ü(0) = 0, wherep, q ∈ L1(0, T ) for anyT > 0,

p(t) =

∫ t

0

1l(2β − τ)√
2βτ − τ2

2 (α+ t− τ)2 − α2

√
(t− τ)2 + 2α(t − τ)

dτ ∼ 2π(α + t− β) ,

q(t) =

∫ t

0

1l(2α − τ)√
(t− τ)2 + 2β(t− τ)

(τ − α)2√
2ατ − τ2

dτ −
∫ t

0

1l(2α− τ)
√

2ατ − τ2

√
(t− τ)2 + 2β(t− τ)

dτ ,

where1l(t) denotes Heaviside step function.
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14.4 Exponential stabilization of the chain at a final position

If a final position of the chain is reached then a problem is to stabilize this position. To solve
this problem we use a negative, physically realizable, feedback control law of thecolocated–
type:

u̇(t) = −kd#X = −kd#x, k > 0 ,

d#X = g(L+ µ)Φ′(L), D(d#) = {X ∈ H : Φ′ is continuous atθ = L}

Theorem 14.4.1.The closed–loop system operatorAc,

AcX := A
[
X − kdd#X

]
, D(Ac) = {X ∈ D(d#) : X − kdd#X ∈ D(A)}

generates on H a C0–semigroup of contractions which isEXS .
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Abstract

The purpose of this talk is to give a historical but personal journey through the in-
ternal stabilization problem. We study the evolution of themathematical formulation of
this concept and its characterizations from the seventies to the present day. In particular,
we explain how the different mathematical formulations allow one to parametrize all
the stabilizing controllers of an internally stabilizableplant. Finally, we focus on the
important contributions of F. M. Callier on the internal stabilization problem of classes
of infinite-dimensional systems.

Keywords

Internal stabilization problem, parametrization of all stabilizing controllers, doubly
coprime factorizations, infinite-dimensional linear systems, fractional representation ap-
proach, fractional ideals, lattices, algebraic analysis.

Recognizing when a real plant can be stabilized by means of a feedback law is one of the
oldest issues in automatic control. This problem, developed for clear practical reasons, was
recently abstracted within the mathematical language in order to be studied on its own and
generalized to larger and larger classes of systems, slowlypassing from the engineer world
to the mathematical one. With a very few concepts such as controllability, observability and
robustness, the concept of stabilizability is one of the main interesting cross-fertilizations
between very practical engineering problems and mathematics. The evolution of this new
mathematical concept should attract more attention from science historians and researchers
as we shall show.
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We want to take the opportunity of the celebration of F. M. Callier’s scientific career
who, with C. A. Desoer, G. Zames, M. Vidyasagar, B. A. Francisand others, has brought sig-
nificant contributions to the study of this concept particularly for infinite-dimensional linear
systems ([3, 4, 5, 7, 9, 21, 26]), to give a historical but personal journey through the internal
stabilization problem. We are convinced that there is a lot to learn from the historical study of
this central concept. Reading directly the papers where this concept was created, developed
and used (see, e.g., [8, 10, 13, 16, 22, 27] and the referencestherein) is a source of enlight-
enment, bringing a new light on the evolutions developed since and the comings and goings
between different approaches. See [2, 24] for some historical accounts.

We study the evolution of the mathematical formulation of the concept of internal sta-
bilizability and its characterizations from the seventiesto the present day. We explain how
the different mathematical formulations allowed one to parametrize all the stabilizing con-
trollers of the corresponding plant. We emphasize on the fractional representation approach
developed by M. Vidyasagar, C. A. Desoer, F. M. Callier, B. A.Francis and others based on
the existence of doubly coprime factorizations of the transfer matrices ([6, 10, 15, 22, 23])
and on a mainly forgotten approach developed by G. Zames and B. A. Francis based on the
particular transfer matrixQ = C (I − P C)−1 ([13, 27]). See also [1, 2, 11, 12] for the
second one. In particular, we focus on the significant contributions of F. M. Callier on the
internal stabilization problem of infinite-dimensional linear systems (see, e.g., [3, 4, 5, 7]).

We explain how the use of modern algebraic techniques (fractional ideals, lattices, mod-
ules) allows us to show that the approach developed by G. Zames and B. A. Francis ([13, 27])
supersedes the classical fractional representation approach ([6, 10, 15, 22, 23]). Within this
lattice approach ([18, 19]), we give general necessary and sufficient conditions for internal
stabilizability and for the existence of (weakly) doubly coprime factorizations of irrational
transfer matrices. Moreover, we give a general parametrization of all stabilizing controllers
of an internally stabilizable plant which reduces to the classical Youla-Kǔcera parametriza-
tion ([10, 14, 25]) when the plant admits a doubly coprime factorization ([18, 20]). The
knowledge of only one stabilizing controller is required toget this new parametrization.

Finally, we explain why the lattice approach was historically developed in algebra by
Kummer, Dedekind and their followers at the end of the nineteen century for solving con-
ditions similar to the ones obtained from the characterization of internal stabilizability (and
from Lamé’s famous mistake on Fermat’s last theorem). Hence, the use of this mathematical
theory was very natural and allowed us to develop our resultsbefore realizing that the main
ideas could be traced back to the pioneering work of G. Zames and B. A. Francis ([13, 27]).
These ideas could not have been completely realized for general classes of systems as the
authors did not know the fractional ideal and lattice approaches. Therefore, this shows that
old approaches can sometimes be still fruitful when the corresponding mathematical tech-
niques are mature even if, as it was unfortunately our case, we had to preliminary rediscover
them before investigating the past literature! The moral ofthis story advocates for the bet-
ter knowledge of the historical development of our field and explains the topic of this talk,
hoping closing the loop!
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tional ideal approach to SISO system.Systems and Control Letters, 50 (2), 135-148,
2003.

[19] A. Quadrat. A lattice approach to analysis and synthesis problems. Mathematics of
Control, Signals, and Systems, 18 (2), 147-186, 2006.

[20] A. Quadrat. On a generalization of the Youla-Kučera parametrization. Part II: The
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Consider the sampled-data feedback system shown in the figure below.
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Figure: Sampled-data feedback system

We assume that

• G is a convolution operator with kernelµ, whereµ is aC
p×m-valued Borel measure

on R+ such that
∫

R+
eαt|µ|(dt) < ∞ for someα > 0, where|µ| denotes the total

variation ofµ;

1Based on work supported in part by the UK Engineering & Physical Sciences Research Council under Grant
GR/S94582/01.
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• the reference signalr is of the form

r(t) =

N∑

j=1

eξjtrj

and the disturbance signalsd1 : R+ → C
m andd2 : R+ → C

p satisfy

lim
t→∞

(d1(t) −
N∑

j=1

eξjtd1j) = 0 , lim
t→∞

(d2(t) −
N∑

j=1

eξjtd2j) = 0 ,

whereξj ∈ iR, rj ∈ C
p, d1j ∈ C

m andd2j ∈ C
p for j = 1, . . . , N ;

• Hτ andSτ denote the (zero-order) hold and (ideal) sampling operators, respectively,
whereτ > 0 is the sampling period;

• the discrete-time controllerKτ,ε is such that its transfer functionKτ,ε is of the form

Kτ,ε(z) = ε

N∑

j=1

Kj

z − eξjτ
,

whereKj ∈ C
m×p, j = 1, . . . , N .

Under the assumption that

spectrum(G(ξj)Kj) ⊂ {s ∈ C : Re s > 0} , j = 1, . . . , N ,

whereG denotes the transfer function ofG, it is shown that

• there existsτ∗ > 0 such that, for every sampling periodτ ∈ (0, τ∗), there existsετ > 0
such that, for allε ∈ (0, ετ ), the sampled-date feedback system isL∞-stable;

• for everyδ > 0 there existsτδ > 0 such that, for every sampling periodτ ∈ (0, τδ),
there existsετ > 0 such that, for everyε ∈ (0, ετ ),

lim sup
t→∞

‖y(t) − r(t)‖ ≤ δ .

This result provides a sampled-data counterpart to the continuous-time low-gain regulator
results proved in [1, 2].
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Abstract

In this paper problems of robust regulation for infinite-dimensional systems are dis-
cussed. A simple presentation for robust regulators and a derivation of the Internal
Model Principle will be given for infinite-dimensional systems with infinite-dimensional
exosystems.
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17.1 Introduction

One of the cornerstones of the classical automatic control theory for finite-dimensional lin-
ear systems is the Internal Model Principle (IMP) due to Francis and Wonham, and Davison.
Roughly stated, this principle asserts that any error feedback controller which achieves closed
loop stability also achieves robust (i.e. structurally stable) output regulation (i.e. asymptotic
tracking/rejection of a class of exosystem-generated signals) if and only if the controller
incorporates a suitably reduplicated model of the dynamic structure of the exogenous refer-
ence/disturbance signals which the controller is requiredto track/reject.

In this paper we discuss the state space generalization of the Internal Model Principle
for infinite-dimensional systems with infinite-dimensional signal generators, which generate
reference and disturbance signals of the form

∞∑

n=−∞
ane

iωnt, ωn ∈ R, (an)n∈Z ∈ `1. (17.1)
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The presentation is based on the concept of the steady state behavior of the closed-loop sys-
tem with inputs of the form (17.1). This approach leads us naturally to an infinite-dimensional
Sylvester equation and a constrained infinite-dimensionalSylvester equation, which adds a
constraint for regulation. It is shown that feedback structure enables robustness, as the regu-
lation equation is contained in the Sylvester’s equation and as the system reaches its steady
state this equation is automatically satisfied. Finally it will be shown that if the controller con-
tains a sufficiently rich internal model of the exosystem, then the Sylvester equation implies
robust regulation.

Due to the fact that the signal generator is infinite-dimensional, the closed-loop system
cannot be exponentially stabilized. Instead strong stabilization must be used.
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Abstract

The aim of this brief text is, on behalf of all the people attending CDPS 2007 and
of all the members of the ”System and Control Community”, andespecially those of
the ”Distributed Parameter Systems community”, to thank Frank Maria Callier for all
he did and is still doing for our scientific community, in Belgium and all over the world.
We all know his modesty and humility; nevertheless we are sincerely convinced that he
deserves such a tribute.

If you ask me to describe Frank in one word, I would say: researcher. This is the word
which can describe him best. In addition, Frank is a wise man;this assertion is very well
illustrated by one of his favorite mottoes: ” Beter een vogelin de hand dan tien in de lucht ” .
He has always focused his research activities on fundamental questions in system and control
theory, without studying too many different problems at thesame time, and always with the
same simple goal: understanding in depth.

When speaking to Frank, you quickly notice that there is a word, which comes quite
often out of his mouth: Berkeley. He spent several years at the University of California, in
Berkeley, where he got his Ph.D., in engineering and computer science in 1972. Charles Des-
oer was his thesis advisor. At that time he was already involved in the study of Distributed
Parameter Systems (DPS): he extended the well-known Nyquist stability criterion to such
systems.
In 1979, he received an Honorable Mention Paper Award of the IEEE Control Systems So-
ciety (Institution of Electrical and Electronics Engineers, New York), jointly with Wan Chan
and Charles A. Desoer, [3].

One of the most outstanding contributions of Frank, if not the most outstanding and fa-
mous one, is certainly the invention and the development of what is commonly called the
Callier-Desoer algebra of transfer functions for DPS (1978), [4], [5] [6]. This is by now the
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standard class of transfer functions which people usually work with in DPS theory, [13], [10].
This class can be seen as a subclass of H-infinity, which encompasses all DPS of interest in
applications. At least, as far as I know, nothing better has been found so far.

You may also know that Frank is one of the first contributors tothe factorization approach
(he prefers to use the word: fraction) for feedback control system synthesis, [15]. He estab-
lished the parameterization of all stabilizing controllers for DPS in a paper published in the
Annales de la Sociét́e Scientifique de Bruxelles, [6], at the beginning of the 80’s, some short
time before the publication of the famous (general paper) byDesoer, Liu, Murray and Sacks.

Frank is also an expert in spectral factorization and Riccati equations. He published
several fundamental papers on these topics, in particular with Jacques Willems (on the con-
vergence of the Riccati differential equation), [12], and with myself, [11], [16]. Frank is
really a fan of spectral factorization. One of his most important contributions is certainly the
paper on the spectral factorization problem of polynomial matrices, where he played one of
his favorite games: the massage of the point at infinity, [1].

He also wrote two books, both jointly with Charles Desoer: a research monograph on the
polynomial approach to multivariable feedback systems, [7], and a textbook on linear system
theory, [8]. These books may appear to be hard to read, when reading them superficially.
However, if you look at the details, you will easily observe that they are extremely carefully
written and they contain numerous fundamental and solid concepts and results. These books
have been cited a numerous amount of times in the literature and the second one has been
used as a textbook reference for several university courses, especially in the US.

Frank has also been elected fellow of the IEEE for his contributions to multivariable
feedback system theory. This was made known all over our country, by articles published in
Belgian newspapers.

Frank did not directly supervise many doctoral thesis. However he had very important
and strong influences on a lot of young people, notably as an active member of a good num-
ber of doctoral thesis committees.
His outstanding work as reviewer of numerous papers, and as Associate Editor ofSystems
and Control Letters, Automatica, andIEEE Transactions on Automatic Control, and as As-
sociate Editor at Large of the latter, was and is still highlyappreciated by all his colleagues.

He is very exacting, for others, but first for himself. When working on a specific research
topic and when writing papers with him, you will quickly observe that he is hard to please
and that he does not like at all to rush for publication. Instead he prefers to take the time to
analyze again and again all the facets of the same question indepth, he prefers to write and
rewrite a part of a paper (or a whole paper), until he reaches afinal result which pleases him
and which he believes will be not too far from the final result after review.
When he reads a paper, he really does it in detail. He does evenmore: he rewrites the whole
paper for himself, even by rediscovering the proofs contained in the paper, without reading
them in advance. He is really impressive.

Frank likes teaching very much. As a professor, he has educated numerous students in

43



CDPS A tribute to Frank M. Callier

mathematics, notably by giving fundamental courses of mathematical analysis, viz. topology,
and measure and integration (including Fourier transform), introductory courses of optimal
control and optimal feedback systems, and a master course onsemigroup theory, [2].
He is known by several of us and by his students in Namur, as being a citation specialist.
To be more precise, he likes to state, especially when he is teaching, some short sentences,
which translates in a very pictorial way his goal or his feelings at a particular specific time of
a course. This happens for example when he introduces a new concept or notation, or when
he explains a proof of a theorem.

Frank has often told me that he does not want to be seen as a piece of museum. Of
course he is not: he has been and is still active, as it can be seen on his personal home page
http://perso.fundp.ac.be/∼fcallier/Callier05.pdf. This is also confirmed by his recent contri-
butions, [9], [14], where one can observe once more his extreme care in writing scientific
papers, and his excellent abilities as engineer and appliedmathematician.

I wish to address to him again my sincere thanks and those of all my colleagues, for all he
has done, and also for what he is still presently doing. Good luck to him and his family for
all his future projects and activities.
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Abstract

We give here a complete characterization ofH∞-stability of a class of fractional
delay systems of neutral type with single delay. In a particular case, the set of allH∞-
stabilizing controllers is given.
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19.1 Statement of the problem

We consider here fractional delay systems with transfer function of the form

G(s) =
r(s)

p(s) + q(s) e−sh

whereh > 0 andp, q, r are real polynomials in the variablesµ for 0 < µ < 1. The condition
that the system be of neutral type is thatdeg p = deg q. Also we takedeg p ≥ deg r in order
to deal with proper systems.

We first adapt the Walton and Marshall technique in order to beable to decide on the
presence of poles ofG in the closed right half-plane.

Then we derive necessary and sufficient conditions in terms of deg p anddeg r to char-
acterizeH∞-stability ofG.

Those results are used in order to findH∞-controllers forG. In the particular case
deg p = deg q = 1, we show thatG is stabilizable by a fractional PI controller, that is a

controller with transfer functionK(s) = kp +
ki
sµ

.
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From this particular controller we can get a parametrization of the set of all stabilizing
controllers.

In the case whereG has all its poles of large modulus asymptotic to a vertical line strictly
in the left half-plane, we can give closed-form solutions involving a free parameter inH∞.
This method has the merit of not relying on the solutions of transcendental equations as is
the case when determining Bézout factors given coprime factors.

Theorem 19.1.1.LetG(s) =
1

asµ + b+ (csµ + d)e−sh
with a, b, c, d ∈ R, a > 0, c 6= 0.

Suppose that|a| > |c|; then the set of allH∞-stabilizing controllers is given by
V +MQ

U −NQ
,

where

N(s) =
1

sµ + 1
, M(s) =

(asµ + b) + (csµ + d)e−sh

sµ + 1
,

U(s) =
sµ(sµ + 1)

((asµ + b) + (csµ + d)e−sh)sµ + kpsµ + ki
,

V (s) =
(sµ + 1)(ki + kps

µ)

((asµ + b) + (csµ + d)e−sh)sµ + kpsµ + ki
,

Q is a free parameter inH∞ andki > 0 andkp satisfy

(a(b+ kp) − cd) cos
π

2
µ > 0,

(b+ kp)
2 + 2aki cos πµ− d2 > 0,

and

ki(b+ kp) cos
π

2
µ > 0.
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Abstract

In this paper we give methods for checking the location of poles of neutral systems
with multiple delays. These are of use in determining exponential stability andH∞-
stability in the single delay case.
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20.1 Statement of the problem

We consider the problem of stability of systems with characteristic equations of the form

G(s) = G1(s) +

n∑

i=2

Gi(s)e
−τis, where Gi(s) =

m∑

j=1

aijs
j,

for aij ∈ R andτi ≥ 0. Suppose we are given the values ofaij and would like to determine
whether the system is stable, either in the exponential orH∞ sense, for a given set of values
of τ . In this paper, we give results which allow us to answer two distinct questions.

1. Delay-Independent Stability: IsG exponentially stable forτi ≥ 0?
2. Delay-Dependent Stability:For givenhi, isG H∞-stable forτi ∈ [0, hi]?

Our work gives results which allow us to reformulate the problem in terms of semial-
gebraic sets. We then use Positivstellensatz results to express the problem as convex opti-
mization over sum-of-squares polynomials. We use semidefinite programming to solve the
optimization numerically. We use the version of the Positivstellensatz given by Stengle [3].
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Theorem 20.1.1 (Stengle).The following are equivalent

1.

{
x :

pi(x) ≥ 0 i = 1, . . . , k
qj(x) = 0 j = 1, . . . ,m

}
= ∅

2. There existti ∈ R[x], si, rij , . . . ∈ Σs such that

−1 =

m∑

i=1

qiti + s0 +

k∑

i=1

sipi +

k∑

i,j=1
i6=j

rijpipj + · · ·

HereR[x] denotes the set of real-valued polynomials in variablesx andΣs denotes the
subset ofR[x] which admit a sum-of-squares representation. For a given degree bound, the
conditions associated with Stengle’s positivstellensatzcan be represented by a semidefinite
program since for anysi ∈ Σs, there exists a matrixQ ≥ 0 such thats(x) = Z(x)TQZ(x),
whereZ is a vector of monomials inx. The connection between semidefinite programming
and sum-of-squares was first made by Parillo [1].

Delay-Independant Stability In this case, we use the following very simple stability con-
dition.
Proposition 20.1.2.Suppose that for someε > 0, {s : G1(s) +

∑n
i=2Gi(s)zi = 0, Re s ≥

−ε, ‖zi‖2 ≤ 1 + ε} = ∅. ThenG is exponentially stable for anyτi ≥ 0.
Using the Positivstellensatz, we construct a semidefinite program which checks the con-

ditions of the Lemma. This is illustrated using a number of numerical examples.

Robust Delay-Dependent Stability In this case, we use an approach first considered by
Zhang et al. [4]. This method was based on two principles; 1) The location of the rightmost
root ofG is a continuous function of the values of the delayτ and 2) A robust version of the
Padé approximation can be used to enclose the functione−jω on the imaginary axis.

For neutral systems, principle 1 holds forτ > 0, but not necessarily atτ = 0. Therefore,
we must check that new roots appear in the left half-plane forinfinitessimalτ and in the
particular case of a single delay, we have a condition [2] which characterizes this. In the case
of multiple commensurate delays, we use a more conservativecondition given in terms of the
ai,n.

Once the above conditions have been satisfied, we can apply robust Padé approximants in
the spirit of [4]. We can then use the Positivstellensatz to construct semidefinite programming
conditions. This approach is illustrated with numerical examples.
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Abstract

LetA : D(A) ⊂ X → X be the generator of a strongly continuous semigroup on a Banach
spaceX, and let the operatorsD,L : W 1,p([−r, 0],X) → X be linear and bounded. Denote

X = X × Lp([−r, 0],X) with norm ‖
( z
ϕ

)
‖ = ‖z‖ + ‖ϕ‖p.

Consider the linear operatorAD : D(AD) ⊂ X → X defined by

AD :=

(
A L

0 ∂
∂θ

)
,

D(AD) :=
{
( zϕ ) ∈ D(A) ×W 1,p([−r, 0],X) : z = Dϕ

}
.

We note that the operatorAD is closely related to neutral equations with difference operator
D and delay operatorL.

We consider the following:

Problem 1 Find general conditions onD andL for whichAD generates a strongly con-
tinuous semigroup onX .

Generally, in neutral equations, the works consider atomicoperatorD, that isDϕ =
ϕ(0)−Kϕ, whereK is nonatomic at zero (e.g. [1, Sect. 6], [4, Chap. 9]). Here wegive a new
semigroup approach to Problem 1 mainly based on closed-loopsystems and a Perturbation
theorem of Staffans–Weiss (see [5, Chap. 7], [6]). We shall also see how this approach
allows us to prove that the semigroup generated byAD is eventually compact whenever
the semigroup generated byA is immediately compact. This will serves to use well-known
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criterion for the stabilization of distributed linear system to introduce general conditions for
the feedback stabilization of neutral equations.

But, it is of much importance to solve Problem 1 in the case ofD nonatomic at zero, and
it is natural to expect such a situation in control problems such as aeroelastic systems. The
none atomicity ofD makes many difficulties for directly applying the concept ofclosed–
loop systems. However, we shall present an approach which allows us to use Staffans–Weiss
perturbation theorem in an indirect way ([2]). We note that the operatorsD andL should be
issued as observation operators of regular linear systems governed by the left shift semigroup
onLp([−r, 0],X) (see [3]).

Finally, we consider the singular neutral reaction–diffusion equation

d

dt

( ∫ 0

−r
c|s|− 1

2u(t+ s, x) ds
)

=

n∑

k=1

∂2

∂x2
k

(∫ 0

−r
c|s|− 1

2u(t+ s, xk) ds
)
+

a

∫ 0

−r
u(t+ s, x) d$(s) + f(t, x), x ∈ Ω, t ≥ 0,

∫ 0

−r
c|s|− 1

2u(t+ s, x) ds = 0, x ∈ ∂Ω, t ≥ 0,

x(s, x) = ϕ(s, x), a.e. (s, x) ∈ [−r, 0] ×Ω,

(21.1)

wherec, a > 0 are some constants,x = (x1, · · · , xn), Ω ⊂ R
n a bounded open set with

boundary∂Ω and$ : [−1, 0] → [0, 1] is a function of bounded variation (one can consider
$ as the Cantor function, which is singular with total variation 1).

We shall see that the equation (21.1) is well–posed only on weighted spaces.
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Abstract

Linear systems of neutral type are considered using the infinite dimensional ap-
proach. Conditions for exact controllability and regular asymptotic stabilizability are
given. The main tools are the moment problem approach and theexistence of a Riesz
basis of invariant subspaces.

Keywords
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22.1 Statement of the problem

In this paper we consider the problem of controllability andstabilizability for a general class
of neutral systems with distributed delays given by the equation

ż(t)−A−1ż(t−1) = Lzt(·) =

∫ 0

−1
A2(θ)ż(t+θ)dθ+

∫ 0

−1
A3(θ)z(t+θ)dθ+Bu(t), (22.1)

whereA−1 is a constantn × n-matrix,A2, A3 aren × n, L2 valued matrices. We consider
the operator model of the neutral type system (22.1) in the product spaceM2 = C

n ×
L2(−1, 0; Cn), so (22.1) can be reformulated as

ẋ(t) = Ax(t) + Bu(t), x(0) =

(
y
z(·)

)
, A =

(
0 L

0 d
dθ

)
, B =

(
B
0

)
, (22.2)

with D(A) = {(y, z(·)) ∈ M2 : z ∈ H1([−1, 0]; C), y = z(0) − A−1z(−1)}, andA is
the generator of aC0-semigroup. The reachability setRT is such thatRT ⊂ D(A) for all
T > 0, with u(·) ∈ L2, the solution of (22.2) being inD(A).
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Theorem 22.1.1.The system (22.2) is exactly null-controllable, i.e.RT = D(A), iff the pair
(A−1, B) is controllable andrank

(
∆A(λ) B

)
= n for all λ ∈ C, where

∆A(λ) = λI − λe−λA−1 − λ

∫ 0

−1
eλsA2(s)ds−

∫ 0

−1
eλsA3(s)ds,

If these conditions hold then the system is controllable at any timeT > n1, wheren1 is the
controllability index of the pair(A−1, B). It is not controllable atT ≤ n1.

The main tools of the analysis is the moment problem approachand the theory of basis of
exponential families. We construct a special Riesz basis using the existence of a Riesz basis
of invariant subspaces [5] and describe the controllability problem via a moment problem in
order to get the time of controllability. See [3] for the monovariable and discrete delay case,
via a different approach, and [4] for a preliminary result.

The same Riesz basis of subspaces allows to characterize theproblem of asymptotic sta-
bilizability by a regular feedback law. From the operator point of view, the regular feedback
law

u = Fx =

∫ 0

−1
F2(θ)ż(t+ θ)dt+

∫ 0

−1
F3(θ)z(t+ θ)dt, (22.3)

whereF2, F3 ∈ L2(−1, 0; Cn×n) means a perturbation ofA by the operatorBF which is
relativelyA-bounded and verifiesD(A) = D(A+BF). Such a perturbation does not mean,
in general, thatA + BF is the infinitesimal generator of aC0-semigroup. However, in our
case, this fact is verified directly since after the feedbackwe get also a neutral type system
like (22.1) withD(A) = D(A + BF). This feedback law is essentially different from that
which use the termFẋ(t−1) (cf. for example [2]) and for whichD(A) 6= D(A+BF). Our
main result is

Theorem 22.1.2.(Rabah, Sklyar & Rezounenko)Under the assumptions: the eigenvalues
of the matrixA−1 satisfy|µ| ≤ 1, the eigenvaluesµj, |µj | = 1 are simple, the system (22.1)
is regularly asymptotically stabilizable ifrank

(
∆A(λ) B

)
= n for all λ : Reλ ≥ 0, and

rank
(
µI −A−1 B

)
= n for all µ : |µ| = 1.

In the case whenA−1 has at least one eigenvalue|µ| = 1 with a nontrivial Jordan chain,
the system cannot be stabilized by a control of the form (39.1). The same ifσ(A−1) 6⊂ {µ :
|µ| ≤ 1}. This follows from the fact that any control of the form (39.1) leaves the system in
the same form and then it remains unstable [5].
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Abstract

We consider coprime factorizations for irrational functions with a special emphasis
on state space formulas.

Keywords

Coprime factorizations.

23.1 Introduction

Coprime factorizations of transfer functions have been studies for some 30 years now. One of
the main applications to control theory is the Youla-Jabr-Bongiorno-Kucera parametrization
of all stabilizing controllers for a given plant which is given in terms of a coprime factor
and the corresponding Bezout factors, but there are many more important applications of the
concept of coprime factorization in control theory.

There is a strong connection between coprime factorizationand linear quadratic regulator
theory which can be used to calculate the coprime factorization and the Bezout factors in
terms of a state space realization of the transfer function (see [6],[8] for the rational case). In
this talk we will focus on this state space approach.

The finite-dimensional state-space solution readily generalizes to the case of exponen-
tially stabilizable and detectable systems with bounded finite rank input and output operators
[5, Chapter 7]. What happens if one droppes the exponential stabilizability and detectability
assumption was studied in [4] (for positive real strongly stabilizable systems) and [2] (for
strongly stabilizable systems). The assumptions on the input and output operator were gener-
alized in [3] (while keeping the exponential stabilizability and detectability condition). In [9]
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the notion of joint stabilizability-detectability (whichis weaker than exponential stabilizabil-
ity and detectability) was introduced and shown to be equivalent to the existence of coprime
factorizations (for the very general class of well-posed linear systems).

In [1] it was shown that the finite cost condition for the system itself and its dual is
equivalent to the existence of coprime factorizations. This assumption is a priori weaker than
the earlier joint stabilizability-detectability assumption and can be checked in practical PDE
examples (in contrast with the joint stabilizability-detectability assumption). The equivalence
was shown for the class of distributional control systems (which includes the class of well-
posed linear systems as a subclass). It is this last mentioned work [1] that we will mainly
discuss in this talk.

Finally we wish to note that under the finite cost condition for the system alone (not also
for the dual system) existence of weakly coprime factorizations has been proven [7]. For
some purposes weakly coprime factorizations are good enough, but for other purposes the
earlier mentioned (strongly) coprime factorizations are essential.
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[3] R.F. Curtain and G. Weiss and M. Weiss. Coprime Factorizations for Regular Linear
Systems,Automatica, 32: 1519-1532, 1996.

[4] R.F. Curtain and H.J. Zwart. Riccati equations and normalized coprime factorizations
for strongly stabilizable infinite-dimensional systems,Systems Control Lett., 28 no. 1,
11–22, 1996.

[5] R.F. Curtain and H.J. Zwart.An Introduction to Infinite-Dimensional Linear Systems
Theory. Springer-Verlag, New York, 1995.

[6] D.G. Meyer and G.F. Franklin. A connection between normalized coprime factoriza-
tions and linear quadratic regulator theory,IEEE Trans. Automat. Control, 32:227–228,
1987.

[7] K.M. Mikkola. Coprime factorization and dynamic stabilization of transfer functions,
manuscript, 2006.

[8] C.N. Nett and C.A. Jacobson and M.A. Balas. A connection between state space and
doubly coprime factorizations,IEEE Trans. Autom. Control29: 831-832, 1984.

[9] O.J. Staffans. Coprime factorizations and well-posed linear systems,SIAM Journal on
Control and Optimization, 36:1268–1292, 1998.

56



Energy methods

57



 



24

A class of passive time-varying well-posed linear
systems

Roland Schnaubelt
Fakultät für Mathematik
Universität Karlsruhe
76128 Karlsruhe, Germany
schnaubelt@math.uni-karlsruhe.de

George Weiss
Dept. Electr. & Electronic Eng.
Imperial College London
Exhibition Road
London SW7 2AZ, UK
G.Weiss@imperial.ac.uk

Abstract

Starting from a time-invariant dissipative system, we construct a class of time-
varying systems by introducing a time-dependent inner product on the state space and
modifying some of the generating operators. This class of linear systems is motivated
by physical examples such as the electromagnetic field around a moving object.

Keywords
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24.1 Introduction and main result

Various classes of time-varying linear systems with inputsand outputs have been introduced
in the papers [1], [2], [3], and others. The most general definition is the one in [3] which
mimicks the concept of a (time-invariant) well-posed linear system from Weiss [5]. Unfor-
tunately, for such systems, there is no complete representation theory available (unlike for
time-invariant well-posed systems). In fact, already for time-varying systems without inputs
and outputs the relevant theory (developed by Kato) is much less complete than the theory of
strongly continuous semigroups in the time-invariant case. It is difficult to verify that a given
system of linear equations defines a time-varying well-posed system, and for this reason it is
also difficult to construct non-trivial examples of such systems. The difficulties arise when
we have unbounded control or observation operators and the system is not of parabolic type.

In this paper we introduce a class of time-varying well-posed linear systems. Each such
system is constructed using a dissipative (or scattering passive) time-invariant system and a
family of time-dependent inner products on the state space.
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Let Σi be a scattering passive time-invariant system in the sense of [4] (where such sys-
tems were called ‘dissipative’) with generating operators(A,B,C,D), state spaceX, input
spaceU and output spaceY (which are Hilbert spaces). LetP : R+ → L(X) be a twice
strongly continuously differentiable function such thatP (t) = P (t)∗ > 0 andP (t)−1 is
bounded for everyt ≥ 0. We introduce a new systemΣ, informally defined by the equations

ẋ(t) = AP (t)x(t) +Bu(t), (24.1)

y(t) = CP (t)x(t) +Du(t). (24.2)

Here the domain ofAP (t) may heavily depend ont ≥ 0, but it can be seen that the extrapo-
lation space ofAP (t) is isomorphic to the extrapolation spaceX−1 of A. Recall thatX−1 is
the completion ofX w.r.t. ‖(ωI −A)−1x‖, for someω ∈ ρ(A), and thatB : U → X−1 and
C : D(A) + (ωI −A−1)BU → Y are continuous, cf. [4].

Theorem 24.1.1.Under the above assumptions, letτ ≥ 0 and(x(τ), u) ∈ X×H1
loc([τ,∞), U)

withAx(τ)+Bu(τ) ∈ X. Then(24.1)has a unique solutionx ∈ C1([τ,∞),X) and (24.2)
defines the output functiony ∈ H1

loc([τ,∞), Y ). The operatorsAP (t) generate an evo-
lution family T (t, τ), t ≥ τ ≥ 0, which has a continuous extension toX−1, and it holds
x(t) = T (t, τ)x(τ) +

∫ t
τ T (t, r)Bu(r) dr for everyt ≥ τ ≥ 0. The balance inequality

d
dt 〈P (t)x(t), x(t)〉 ≤ ‖u(t)‖2 − ‖y(t)‖2 + 〈Ṗ (t)x(t), x(t)〉 (24.3)

holds for everyt ≥ τ ≥ 0. If the original time-invariant systemΣi is energy preserving, then
we have equality in(24.3). The map(x(τ), u|[τ, t]) 7→ (x(t), y|[τ, t]) defines a well–posed
time–varying systemΣ in the sense of [3].

There is a version of this result ifP (·) is justC1. Our theorem can be applied to Maxwell
equations with energy preserving boundary control and observation and time-varying permit-
tivity and permeability. In this example, one can think of a mechanism which changes, say,
the permittivity by moving an iron bar inside the domain without changing the total energy of
the system. A preliminary analysis based on Theorem 24.1.1 indicates that one can establish
(local in time) well-posedness of the resulting energy preserving, time-invariant, quasilinear,
coupled system.
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Abstract

A Lyapunov-based approach for the trajectory generation ofa Schrödinger equation
is proposed. For the case of a quantum particle in a 3-dimensional finite potential well
with an arbitrary shape the convergence is precisely analyzed.
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25.1 Introduction

The control of an infinite dimensional quantum system, in general, poses much harder prob-
lems than the finite dimensional case. Concerning the controllability problem, very few
results are available [1, 3]. Concerning the trajectory generation problem, still less results
are available. In particular, the few available controllability results are not constructive. It
seems, therefore, necessary to consider the control problem for infinite dimensional configu-
rations case-by-case. In this paper, I consider the controlof a 3D quantum particle in a finite
potential well as a first class of models considered in any physics literature on quantum sys-
tems. The controllability of such quantum systems with partly discrete and partly continuous
spectrum has been partially studied in [3]. The result provided in [3], however, is far from
being practical for the general case of finite potential wells of arbitrary shape. Moreover, as
it is said previously the provided analysis is not constructive and does not provide a control
strategy.

The simplicity of the feedback law found by the Lyapunov techniques in [2] suggests the
use of the same approach for such infinite dimensional configurations. Here, we announce
the main result of the paper:

Theorem 25.1.1.Consider the Schrödinger equation

ı
∂

∂t
Ψ(t, x) = −4Ψ(t, x) + V (x)Ψ(t, x) + u(t)µ(x)Ψ(t, x),

Ψ|t=0 = Ψ0(x), t ∈ R
+, x ∈ R

3, ‖Ψ0‖L2(R3) = 1. (25.1)

We suppose the potentialV (x) and the dipole momentµ(x) to be bounded real-valued func-
tions with compact supports.
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We consider moreover the following assumptions:

A1 Ψ0 =
∑N

i=0 αiφi where{φi}Ni=0 are different normalized eigenstates in the discrete
spectrum ofH = −4 + V (x).

A2 the coefficientα0 corresponding to the population of the eigenstateφ0 in the initial
conditionΨ0 is non-zero:α0 6= 0.

A3 the HamiltonianH = −4 + V (x) admits non-degenerate transitions:λi1 − λj1 6=
λi2 − λj2 for (i1, j1) 6= (i2, j2) and where{λi}Ni=0 are different eigenvalues of the
HamiltonianH;

A4 the interaction Hamiltonianµ(x) ensures simple transitions between all eigenstates of
H: 〈µφi | φj〉 6= 0 ∀i 6= j ∈ {0, 1, ..., N}.

Then for anyε > 0, using the feedback law (c > 0)

u(t) = uε(Ψ(t)) = c[(1 − ε)

N∑

i=0

=(〈µΨ | φi〉 〈φi | Ψ〉) + ε=(〈µΨ | φ0〉 〈φ0 | Ψ〉)],

the system admits a unique strong solution inL2(R3; C). Moreover the state of the system
ends up reaching a population more than(1− ε) in the eigenstateφ0 (approximate stabiliza-
tion): lim inft→∞ | 〈Ψ(t, x) | φ0(x)〉 |2 > 1 − ε.

Remark 25.1.2. This result is perfectly comparable with the one provided for the finite di-
mensional configuration in [2]. However, many remarks allowing us to weaken or to remove
the assumptions in the Theorem are provided in the paper. In particular, the general case of
rapidly decaying potentialsV (x) can be addressed similarly. The assumptionsA2,A3 and
A4 can be alleged exactly as in the finite dimensional case. Finally, concerning the restric-
tive assumptionA1, an argument based on the use of quantum adiabatic theory permits us to
consider a much larger class of initial states containing animportant part of the continuous
spectrum.

Remark 25.1.3.Note that, even for the case of an initial state in the discrete part of the spec-
trum, the convergence analysis used for the finite dimensional configurations is not enough
to prove the result of the Theorem. In fact, one needs to prevent theL2-mass lost phenom-
ena, through the continuous part of the spectrum, while stabilizing the system in the desired
equilibrium state. The particular control law in the Theorem, together with some dispersive
estimates of the Strichartz type, ensures this fact.
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Abstract

We describe different types of behaviors associated with a discrete time state/signal
system.

Keywords

State/signal system, behavior, input map, output map, Hankel map.

In this lecture we first present an overview of the recently developed theory of passive
and conservative linear time-invariant s/s (= state/signal) systems in discrete time. Such a
system has a state spaceX similar to the one of a classical i/s/o (= input/state/output) system,
but a s/s system differs from an i/s/o system in the sense thata s/s system does not distinguish
between inputs and outputs. Instead the interaction with the surroundings takes place through
a Krein signal spaceW. A s/s system ispassiveif the subspaceV of K which generates the
trajectories of the system is maximal nonnegative, and it isconservative ifV is Lagrangean
in K. A s/s system does not have just one transfer function but many transfer functions, which
depending on the point of view of an outside observer can be ofSchur type (from a scattering
perspective), or of Carathéodory type (from an impedance perspective), or of Potapov type
(from a transmission perspective).

In the time domain the standard i/o (input/output) map of an i/s/o system is replaced by a
signal behavior. In [1]–[5] we defined a behavior to be a closed right-shift invariant subspace
of `2(0,∞;W). Below we shall refer to this type of behavior as afuture behavior. If Σ
is a passive s/s system (or more generally, an LFT-stabilizable s/s system), then the graph
of the Toeplitz operatorof an arbitrary i/s/o representation ofΣ does not depend on the
particular representation. We call this thefuture behavior induced byΣ. A future behavior
is passiveif it is a maximal nonnegative subspace of`2(0,∞;W) induced by a fundamental
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decomposition ofW. The future behavior of a passive system is passive, and conversely,
every passive future behavior has passive and even conservative s/s realizations.

The above definition of the future behavior is based on the Toeplitz operator of an i/s/o
representation of a s/s system. The Toeplitz operator is thecompression to the present and
future time of the bilaterally shift-invarianti/o mapof the i/s/o system. In many instances in
system theory it is also important to study this bilaterallyshift-invariant i/o map directly as
well as its compression to past time, which we shall refer to as theanti-Toeplitzoperator. We
call the graphs of these two operators thefull behaviorand thepast behavior, respectively.

In this talk we discuss the connections between past, full, and future behaviors of the
original s/s system and its dual. We also introduce the notions of theinput map, theoutput
map, and theHankel operatorof a passive s/s system. The domain of definition of the input
map and the Hankel operator is the past behavior of the system, wereas the output map is
defined on the full state space. The input map is single-valued, the output map and the
Hankel operator are multi-valued, and the Hankel operator is the product of the input map
and the output map.
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Abstract

In this talk the stabilization of almost impedance passive systems by positive static
output feedback is studied.

Keywords

System nodes, impedance passive systems, scattering passive systems, exponential
and strong stability.

27.1 Introduction

The plant to be stabilized is a system nodeΣ. A system nodeΣ with input spaceU , state space
X and output spaceY (all Hilbert spaces) is determined by its generating triple(A,B,C)
and its transfer functionG, where the operatorA : D(A) → X is the generator of a strongly
continuous semigroup of operatorsT on X and the possibly unbounded operatorsB and
C are such thatC : D(A) → Y andB∗ : D(A∗) → U . There are no well-posedness
assumptions for a system node; in particularB, C are not assumed to be admissible.

The system nodeΣ is called impedance passiveif Y = U and for all input functions
u ∈ C2([0,∞), U), and for initial statesz0 ∈ X that satisfyAz0 + Bu(0) ∈ X and for all
τ > 0, the following holds

‖z(τ)‖2 − ‖z0‖2 ≤ 2

∫ τ

0
Re〈u(t), y(t)〉d t.

Σ is called almostimpedance passiveif there exists anE = E∗ ∈ L(U) such that the
system nodeΣE with the same generating operatorsA,B,C but the transfer functionG+E
is impedance passive.
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A trivial case is whenG is already impedance passive and a special case is whenΣ
has colocated sensors and actuators on the boundary. Such systems include many wave and
beam equations with sensors and actuators on the boundary. Characterizations of impedance
passive systems have been given in Staffans [5] and from these we deduce some simpler
easily verifiable conditions for systems to be impedance passive. For example, ifA generates
a contraction semigroup,0 is in the resolvent set ofA, andB∗A∗−1 = −CA−1, thenΣ
impedance passive if and only ifG(0) + G(0)∗ ≥ 0. Moroever,ΣE is almost impedance
passive for all bounded self-adjoint operatorsE ∈ L(U) such thatE ≥ −1

2(G(0)+G(0)∗).
It has been shown for many particular cases that the feedbacku = −κy+ v, with κ > 0,

stabilizesΣ, strongly or even exponentially (see [2], [4], [3]). Here,y is the output ofΣ and
v is the new input.

Our main result is that ifiω is in the resolvent set ofA,C(ωI−A)−1 = B∗(ωI+A∗)−1,
andΣ is approximately observable and approximately controllable, then for sufficiently small
k the closed-loop system is weakly stable. If, moreover,σ(A) ∩ iR is countable, then the
closed-loop semigroup and its dual are both strongly stable. This complements earlier re-
sults on exponential stabilization in [1], [7]. We use our results to examine the effect of
feedthrough and static output feedback on large classes of damped second order PDE sys-
tems.
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Abstract

We give a complement of information to Grabowski and Callier[2]. A SISO Lur’e
feedback control system consisting of a linear, infinite-dimensional system of boundary
control in factor form and a nonlinear static incremental sector type controller is consid-
ered. Well-posedness and a criterion of absolute strong asymptotic stability is obtained
using a novel nonlinear semigroup approach.

Keywords

infinite–dimensional Lur’e feedback systems, nonlinear semigroups, stability

Consider the Lur’e feedback control system in Figure 28.1, which consists of a linear

ty(t)u(t)

PLANT

ẋ = A(x+ du)
x(0) = x0

y = c#x

-
��
��

--0

+

CONTROLLER

f

6−

�

Figure 28.1: Lur’e feedback system
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part described by
{
ẋ(t) = A[x(t) + du(t)]
y(t) = c#x(t)

}
, (28.1)

and a scalar static controller nonlinearityf : R → R. It is assumed that:

☛ A : (D(A) ⊂ H) −→ H generates a linear exponentially stable (EXS), C0–semigroup
{S(t)}t≥0 on a Hilbert space H with a scalar product〈·, ·〉H,

☛ y is a scalar output defined by anA–bounded linear observation functionalc# (bounded
on DA, i.e the spaceD(A) equipped with the graph norm ofA, here equivalent to
‖x‖A := ‖Ax‖H). The restriction ofc# to D(A) is representable asc#x = 〈h,Ax〉H

for everyx ∈ D(A) and someh ∈ H, or shortlyc#
∣∣
D(A)

= h∗A.

☛ d ∈ D(c#) ⊂ H is a factor control vector,u ∈ L2(0,∞) is a scalar control function.

The closed–loop system is described by the abstract nonlinear differential equation

ẋ(t) = A
{
x(t) − df

[
c#x(t)

]}
(28.2)

We give conditions under which the closed -loop system operator of the right-hand side
of (28.2), namely

Ax := A
[
x− df(c#x)

]
, D(A) =

{
x ∈ D(c#) : x− df(c#x) ∈ D(A)

}
, (28.3)

is dissipative and hence the generator of a well-defined nonlinear semigroup giving that that
the closed-loop system is well-posed: essentially an incremental sector type condition for the
nonlinearity of the form

−∞ < k1 <
f(y1) − f(y2)

y1 − y2
< k2 <∞ ∀ y1, y2 ∈ R, f(0) = 0

and the satisfaction of an operator Lur’e type inequality based onk1, k2 and the linear sub-
system parameters. The solution of the latter is discussed by a circle criterion type result,
essentially the condition

1 + (k1 + k2)Re
[
ĝ(jω)

]
+ k1k2

∣∣ĝ(jω)
∣∣2 ≥ η > 0 ∀ω ∈ R

whereĝ in H∞(C+) is the transfer function of the linear subsystem. If the latter criterion is
satisfied in addition to the incremental sector condition, then one gets that the statex = 0 of
(28.2) is strongly globally asymptotically stable.

A ”non–coercive” version of the stability criterion involves the Lasalle invariance princi-
ple as in Dafermos and Slemrod [1]–see [3] for more detail.
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Institut Élie Cartan
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Abstract

We consider a boundary stabilization problem for the plate equation in a square. The
feedback law gives the bending moment on a part of the boundary as function of the ve-
locity field of the plate. The main result of the paper assertsthat the obtained closed loop
system is exponentially stable if and only if the controlledpart of the boundary contains
a vertical and a horizontal part of non zero length (the geometric optics condition intro-
duced by Bardos, Lebeau and Rauch for the wave equation is thus not necessary in this
case). The proof of the main result uses the methodology introduced in Ammari and
Tucsnak [1] and a result in [2].

Keywords

Boundary stabilization, Dirichlet type boundary feedback, plate equation

29.1 Introduction and main results

In this work we study the boundary stabilization of a square Euler-Bernoulli plate by means
of a feedback acting on the bending moment on a part of the boundary. Let us first describe
the open loop control problem. LetΩ ⊂ R

2 be an open bounded set representing the domain
occupied by the plate. We denote by∂Ω the boundary ofΩ and we assume that∂Ω = Γ0∪Γ1,
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whereΓ0, Γ1 are open subsets of∂Ω with Γ0∩Γ1 = ∅. The system modelling the vibrations
of the plate with boundary control acting on the moment can bewritten as

ẅ + ∆2w = 0, x ∈ Ω, t > 0, (29.1)

w(x, t) = 0, x ∈ ∂Ω, t > 0, (29.2)

∆w(x, t) = 0, x ∈ Γ0, t > 0 (29.3)

∆w(x, t) = u(x, t), x ∈ Γ1, t > 0 (29.4)

w(x, 0) = w0(x), ẇ(x, 0) = w1(x), x ∈ Ω, (29.5)

where we have denoted by a dot differentiation with respect to the timet andν stands for the
unit normal vector of∂Ω pointing towards the exterior ofΩ.

The main result concerns a system obtained by giving the input u in (29.4) as function
of ẇ. More precisely, we consider the equations (29.1)-(29.5) by giving the controlu in the
feedback form

u(x, t) = − ∂

∂ν
(Gẇ), x ∈ Γ1, t > 0. (29.6)

The operatorG in (29.6) is defined asA−1
0 , whereA0 : H1

0 (Ω) → H−1(Ω) is defined by
A0ϕ = −∆ϕ for all ϕ ∈ H1

0 (Ω). Assume thatΩ is a square. Moreover, suppose that
w0 ∈ H1

0 (Ω) and thatw1 ∈ H−1
0 (Ω). Then the initial and boundary value problem (29.1)-

(29.5) determine a well posed linear dynamical system with state spaceH1
0 (Ω) ×H−1(Ω).

We show that ifΩ is a square we only need a much smaller control region. More precisely,
the main results of this is the following.

Theorem 29.1.1.Assume thatΩ is a square. Then the following assertions are equivalent:

1. The linear dynamical system determined by(29.1)-(29.5) is exponentially stable in
H1

0 (Ω) ×H−1(Ω).

2. Γ1 contains both a horizontal and a vertical segment of non zerolength.
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30.1 Statement of the problem

In the first part of this work we study the exact observabilityof systems governed by the
Schrödinger equation in a rectangle with homogeneous Dirichlet (respectively Neumann)
boundary conditions and with Neumann (respectively Dirichlet) boundary observation. Gen-
eralizing results from Ramdani, Takahashi, Tenenbaum and Tucsnak [5], we prove that these
systems are exactly observable inin arbitrarily small time. Moreover, we show that the
above results hold even if the observation regions havearbitrarily small measures. More pre-
cisely, we prove that in the case of homogenous Neumann boundary conditions with Dirich-
let boundary observation, the exact observability property holds for every observation region
which has non empty interior. In the case of homogenous Dirichlet boundary conditions with
Neumann boundary observation, we show that the exact observability property holds if and
only if the observation region has an open intersection withan edge of each direction. We
also show that similar results hold for the Euler-Bernoulliplate equation. Finally, we give
explicit estimates for the blow-up rate of the observability constants as the time and (or) the
size of the observation region tend to zero. From a qualitative point of view, the above de-
scribed results essentially amount to the statement that, for any givenu, v ∈]0,∞[ and any
non empty open setU ⊂ R

2, there existsδ = δ(U) = δ(U ;u, v) > 0 such that,

∫

U

∣∣∣∣
∑

m,n∈Z2

amn e
2πi(nx+(um2+vn2)t

∣∣∣∣
2

dxdt ≥ δ(U)
∑

m,n∈Z2

|amn|2
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for all sequences(amn) ∈ `2(Z × Z,C). This, in turn, is shown by deriving an effective
version of an inequality of Beurling and Kahane and by obtaining quantitative estimates for
the number of lattice points in the neighbourhood of an ellipse. The latter are obtained via
techniques from analytic number theory (sieve methods).

30.2 Improvement of some estimates

The second part of this work is devoted to some improvements of recent estimates (see Miller
[2], [3],[1] [4]) on the norm of the operator associating to any initial state the minimal norm
control driving the system to zero. More precisely, we show that the following result holds.

Theorem 30.2.1.Let a > 0, p ∈ C2[0, a] and q ∈ C[0, a]. Assume thatp(x) > 0 for all
x ∈ [0, a] and denotel =

∫ a
0

√
p(x) dx. Let τ > 0 andα > 1. Then, for every every

z0 ∈ H−1(Ω) there existsu ∈ L2(0, τ), with

‖u‖L2(0,τ) �τ,α e
αl2

τ ‖z0‖H−1(Ω) (z0 ∈ H−1(Ω))

such that the solutionz of




i
∂z

∂t
(x, t) =

∂

∂x

(
p(x)

∂z

∂x
(x, t)

)
+ q(x) z(x, t), x ∈ (0, a), t ≥ 0

z(0, t) = u(t), t ≥ 0
z(a, t) = 0, t ≥ 0
z(x, 0) = z0(x), x ∈ (0, a),

satisfiesz(x, τ) = 0 for all x ∈ (0, a).

The above result improves Theorem 4.1 in [3], where a similarassertion has been proven

for α > 4

(
36

37

)2

.

Finally, the above results are used, following [4], to deal with the case of several space
dimensions.
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Abstract

We show that if a well-posed system is described by the secondorder (uncontrolled)
equationẅ = −A0w and eithery = C1w or y = C0ẇ (y being the output signal) and if
this system is exactly observable, then this property is inherited by the system described
by the first order equatioṅz = iA0z, with eithery = C1z or y = C0z. Such results
can be used to prove the exact observability of systems governed by the Schrödinger
equation, using results available for systems governed by the wave equation.

Keywords
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31.1 Statement of the problem

Let H be a Hilbert space,A0 : D(A0) → H is strictly positive and for allα > 0, Hα =
D(Aα0 ) with the usual norm. DefineX = H 1

2

×H, which is a Hilbert space with the product

norm andD(A) = H1 ×H 1

2

. DefineA : D(A) → X by

A =

[
0 I

−A0 0

]
, i.e., A

[
f
g

]
=

[
g

−A0f

]
. (31.1)

It is easy to see thatA is skew-adjoint.X1 stands forD(A) endowed with the graph norm.
Our first result concerns the admissibility for observations acting on the first component of
the state of the system: this admissibility is inherited by acertain Schrödinger type system.
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Proposition 31.1.1.LetY be a Hilbert space, letC1 ∈ L(H1, Y ) and define
C ∈ L(X1, Y ) by

C = [C1 0] . (31.2)

Assume thatC is an admissible observation for the unitary groupT generated byA. Let S be
the unitary group generated byiA0 onH 1

2

. ThenC1 is an admissible observation operator
for S.

When we say that(A,C) is exactly observable in timeτ , then it is understood thatC is
an admissible observation operator for the semigroup generated byA.

Theorem 31.1.2.With the assumptions in Proposition31.1.1, assume that the pair(A,C) is
exactly observable in some positive time. Then the pair(iA0, C1), with the state spaceH 1

2

,
is exactly observable in any positive time.

Now we consider systems where the observation acts on the second component of the
state, deriving similar results. We start again with admissibility.

Proposition 31.1.3.LetY be a Hilbert space, letC0 ∈ L(H 1

2

, Y ) and defineC ∈ L(X1, Y )

by

C = [0 C0] . (31.3)

Assume thatC is an admissible observation for the unitary groupT generated byA. Let S

be the unitary group generated byiA0 onH. ThenC0 is an admissible observation operator
for S.

Now comes the corresponding controllability result:

Theorem 31.1.4.With the assumptions in Proposition31.1.3, assume that the pair(A,C)
is exactly observable in some positive time. Then the pair(iA0, C0), with state spaceH, is
exactly observable in any positive time.

We mention that under a certain assumption on the spectrum ofA0, the converses of the
above theorems are also true. For the proofs and for other details (examples) we refer to
Chapter 5 of our book [1].
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Abstract

It is known that the linear Korteweg-de Vries equation with homogeneous Dirichlet
boundary conditions and Neumann boundary control is not controllable for some critical
spatial domains. In this paper, we prove for these critical cases, that the nonlinear equa-
tion is locally controllable around the origin provided that the time of control is large
enough. It is done by performing a power series expansion of the solution and studying
the cascade system resulting of this expansion.

Keywords

controllability, Korteweg-de Vries equation, critical domains, power series expan-
sion

32.1 Introduction

LetL > 0 be fixed. Let us consider the following Neumann boundary control system for the
Korteweg-de Vries (KdV) equation with the Dirichlet boundary condition





yt + yx + yxxx + yyx = 0,
y(t, 0) = y(t, L) = 0,
yx(t, L) = u(t),

(32.1)

where the state isy(t, ·) : [0, L] → R and the control isu(t) ∈ R. In this paper, we are
concerned with the controllability of (32.1). More precisely, for a timeT > 0, we want to
prove the following property.
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Property 32.1.1. (Local exact controllability)There existsr > 0 such that, for every(y0, yT ) ∈
L2(0, L)2 with ‖y0‖L2(0,L) < r and‖yT ‖L2(0,L) < r, there existu ∈ L2(0, T ) and

y ∈ C([0, T ], L2(0, L)) ∩ L2(0, T,H1(0, L))

satisfying(32.1), y(0, ·) = y0 andy(T, ·) = yT .

In order to deal with the nonlinear term in (32.1), one can perform a power series expan-
sion of(y, u).

In [3] Rosier has studied the control system (32.1) by using afirst order expansion, i.e.
he considered the linear control system. He proved that the linear KdV system is exactly
controllable and the nonlinear one is exactly locally controllable provided that

L /∈ N :=

{
2π

√
k2 + kl + l2

3
; k, l ∈ N

∗
}
. (32.2)

If L ∈ N , Rosier proved that there exists a finite-dimensional subspace ofL2(0, L), denoted
byM , which is unreachable for the linear system.

In [2] Coron and Crépeau studied the first case i.e M is one-dimensional. First, they
prove that one can reach all the missed directions lying inM with a third order power series
expansion and then they demonstrate that Property 32.1.1 holds true ([2, Theorem 2]).

In [1] Cerpa uses the same approach to treat the second critical case:M is two-dimensional
and a second order expansion allows to enter into the subspaceM . If the time of control is
large enough, one can reach all the missed direction. By using this fact and a fixed point
argument one obtains Property 32.1.1 provided thatT is large enough ([1, Theorem 1.4]).

32.2 Main result

By using results of [3, 1, 2] we prove that Property 32.1.1 holds in other critical cases, i.e.
when the dimension of the subspaceM is higher than 2. We use an expansion to the second
order if L 6= 2πk for any k ∈ N

∗ and an expansion to the third order ifL = 2πk for
somek ∈ N

∗. With particular control, constructed from controls of proposition 3.2 [1] and
proposition 10 [2], we reach a basis of directions inM . We get all the other direction after a
timeTL long enough, using the fact that in M, with no control, the solution only turns with
a known celerity. Then using two fixed point theorems similarto those used in [2, 1], we get
the main result of this work.

Theorem 32.2.1.Let L ∈ N . Then, there existsTL > 0 such that Property 32.1.1 holds
provided thatT > TL.
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Université Claude Bernard Lyon-1,
43, bd du 11 Novembre 1918,
F-69622 Villeurbanne cedex, France
{legorrec,maschke }@lagep.univ-lyon1.fr

Abstract

We show that a hyperbolic partial differential equation with control and observation
at the boundary of a one-dimensional spatial domain is well-posed if and only if the
homogeneous equation, i.e., the input set to zero, is well-defined.

Keywords

Hyperbolic partial differential equation, well-posedness, regularity.

33.1 Introduction

Consider the well-known wave equation

∂2w

∂t2
(x, t) = c

∂2w

∂x2
(x, t), (33.1)

wherec = T
ρ , with T Young’s modulus andρ the mass density. We can write this as

∂

∂t

(
z1
z2

)
(x, t) =

(
0 1
1 0

)
∂

∂x

( 1
ρz1
Tz2

)
(x, t)

=

(
0 1
1 0

)
∂

∂x

[( 1
ρ 0

0 T

)(
z1
z2

)]
(x, t),

wherez1(x, t) = ρ∂w∂t (x, t), andz2(x, t) = ∂w
∂x (x, t).
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Like in the above example, many hyperbolic p.d.e.’s can be written in the above form.
Hence we assume that our p.d.e. is of the form

∂z

∂t
= P1

∂

∂x
(Lz) + P0z, x ∈ [a, b]. (33.2)

wherez is a vector valued function, andL is a multiplication operator which satisfies0 <
mI ≤ L(x) ≤ MI, for some constantsm andM . With this L we introduce the Hilbert
spaceZ as being the function spaceL2((a, b); Rn) with inner product

〈f, g〉 =

∫ b

a
f(x)∗L(x)g(x)dx.

Theorem 33.1.1.Consider the partial differential equation

∂z

∂t
(x, t) = P1

∂

∂x
(Lz) (x, t) + P0(x)z(x, t), x ∈ [a, b], z(x, 0) = z0(x)

(33.3)

0 = M11 (Lz) (b, t) +M12 (Lz) (a, t) (33.4)

u(t) = M21 (Lz) (b, t) +M22 (Lz) (a, t) (33.5)

y(t) = C1 (Lz) (b, t) + C2 (Lz) (a, t) (33.6)

wherez(x, t) ∈ R
n, P T1 = P1, rank

[
M11 M12

M21 M22

]
= rank [M11 M12 ] + rank [M21 M22 ] = n,

rank

[
M11 M12

M21 M22

C1 C2

]
= n + rank [ C1 C2 ], andL satisfies the condition stated above. If the

homogeneous p.d.e., i.e.,u ≡ 0, generates aC0-semigroup onZ, then the system (33.3)–
(33.6) is well-posed, and the corresponding transfer function is regular.

Well-posedness means that there exists anmf > 0 andtf > 0 such that for all smooth
initial conditions and inputs the following holds

‖z(tf )‖2 +

∫ tf

0
‖y(t)‖2dt ≤ mf

[
‖z0‖2 +

∫ tf

0
‖u(t)‖2dt

]
. (33.7)

The proof is based on the work in [1] combining it with the feedback result of Weiss [2]. A
preliminary version of this theorem has been published in [3]. Note that in [1] necessary and
sufficient conditions were given such that the homogeneous p.d.e. generates a contraction
semigroup. Hence from our theorem we conclude that all thesesystems are well-posed and
regular.
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Abstract

It is known that Casimir functions can be used for energy shaping of finite dimen-
sional Hamiltonian systems. As a first step towards the generalization to boundary port
Hamiltonian systems, we define a Poisson bracket and characterize the Casimir func-
tions for Dirac structures arizing in a class of boundary port Hamiltonian systems [6].
We also analyze the Casimir functions of mixed systems composed of a boundary port
Hamiltonian system coupled with two finite-dimensional port Hamiltonian systems [3],
[4] .

Keywords

Boundary control systems, Hamiltonian systems, Poisson bracket, Casimir func-
tions.

In this paper we consider skew-symmetric differential operator of the form:

J = P1
∂

∂z
where P1 ∈ R

n,n with P1 = P T1 (34.1)

Following [6], we can define a set of boundary port variables(e∂ , f∂) such that the subspace
D 3 (f, f∂, e, e∂) ⊂ L2(a, b; R

n) × R
n ×H1(a, b; Rn) × R

n defined as

D =

{( f
f∂
e
e∂ ,

)
∈ L2(a, b; R

n) × R
n ×H1(a, b; Rn)×R

n | f = J e,
(
f∂
e∂

)
=

[
P1 −P1

I I

] (
e(b)
e(a)

)}
(34.2)
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is a Dirac structure with respect to the canonical symmetricpairing generated by theL2 inner
product.

Let Eadm =
{
e ∈ H1 (a, b; Rn) | ∃f ∈ L2 (a, b; Rn) such that(f, e) ∈ D

}
be the space

of admissible efforts. Following [1], [2], and [5] we define on this space a skew-symmetric
bracket: [( e1

e∂1 ) , ( e2
e∂2 )] =

∫ b
a e

T
1 J e2 − eT∂1P1 (e2(b) − e2(a)) . This bracket is used to de-

fine a Poisson bracket on some suitable functional spaceKadm, satisfying: {k1, k2}(a) :=
[δk1(a), δk2(a)], k1, k2 ∈ Kadm, whereδ denotes the variational derivative.

In the second part, we investigate the Casimir functions associated with the previously de-
fined Poisson bracket. These Casimir functions are functionsC ∈ Kadm such that{k,C} =
[δk, δC] = 0, ∀k ∈ Kadm. We show that the Casimir functions are the same functions of
the state variables as the Casimir functions associated with the Poisson bracket onCn with
structure matrixJ = iP1 on the finite dimensional spaceCn.

In the third part, we consider the bracket arising from the interconnection of a port-
boundary Hamiltonian system with two finite-dimensional port Hamiltonian systems at its
boundaries [3], [4]. In a first instance we shall consider thecase ofP1 = ( 0 1

1 0 ) (arising for
the transmission line or the vibrating string models). We derive the Casimir functions of the
total system with respect to the Casimir functions of the twofinite dimensional systems. In
particular, we show that if the two finite-dimensional systems have no Casimirs, then there
exits a Casimir function for the total system correspondingto topological invariants such as
Kirchhoff’s mesh law.
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Abstract

Our goal is to prove the compactness of the difference between the thermoelasticity
semigroup and its decoupled semigroup. To show this, we prove the norm continuity of
this difference, the compactness of the difference of the resolvents of these semigroups
and use a result of Li-Gu-Huang. An example of thermoelasticsystems with Neumann
Laplacian on a Jelly Roll domain is given.

Keywords
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35.1 Introduction

Consider the classical abstract thermoelasticity system

(1)

{
utt +Au+Bθ = 0, t ≥ 0,
θt +Cθ −B∗ut = 0, t ≥ 0,

whereA : D(A) ⊂ H1 −→ H1 andC : D(C) ⊂ H2 −→ H2 are self adjoint positive
operators with bounded inverses (not necessarily compact), whileB : D(B) ⊂ H2 −→ H1

is a closed operator with adjointB∗, such thatD(C
1

2 ) ⊂ D(B) andD(A
1

2 ) ⊂ D(B∗). The
asymptotic behavior of this system has been studied by several authors see, [1, 2, 3, 5, 7], by
the decoupling technic. Namely, they consider the simpler system

(2)

{
utt +Au+BC−1B∗ut = 0, t ≥ 0,
θt +Cθ −B∗ut = 0, t ≥ 0,

and they proved that the difference between the semigroups(T (t)) and(Td(t)) generated by
these two systems is compact ( thenσess(T (t)) = σess(Td(t))), under the compactness of
BC−γ for some0 < γ < 1.

In this paper, we obtain the same result under weaker conditions and following a different
approach. For this we show the following lemma.
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Lemma 35.1.1.(i) t 7−→ T (t) − Td(t) is norm continuous in(0,∞).
(ii) Assume thatA−1BC−1 is compact. ThenR(λ,L) − R(λ,L0) is compact for every
λ ∈ ρ(L) ∩ ρ(L0), whereL0 andL are the generators ofT (·) andTd(·) respectively.

Hence, [4, Theorem 2.3] leads to our aim.

Theorem 35.1.2.Assume thatA−1BC−1 is compact. ThenTd(t) − T (t) is compact for all
t ≥ 0.

At the end, we illustrate our generalization by the following thermoelastic system on a
special bounded domain, proposed in [6],Ω = {(x, y) ∈ R

2 : 1
2 < r < 1} \ Γ, whereΓ is

the curve, inR2, given in polar coordinates by

r(φ) =
3π
2 + Arctang(φ)

2π
, −∞ < φ <∞. For this system, we show that

Proposition 35.1.3.A−1BC−1 is a compact operator but the operatorBC−γ is not compact
for every0 < γ < 1.
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Abstract

This work continues the analysis of the certain asymptotic behavior of the solutions
of certain linear differential equations in Banach space originated in [1] and developed
in [2, 3] (see also [4] and references therein).

36.1 Statement of the problem

We consider the equation

ẋ = Ax, x ∈ X, (36.1)

whereX is a Banach space, assuming thatA is an infinitesimal operator generating theC0-
semigroup denoted by

{
eAt

}
, t ≥ 0. We also assume that

∥∥eAt
∥∥ > 0, t ≥ 0.

Definition 36.1.1. We say that the equation (36.1) (or the semigroup
{
eAt

}
, t ≥ 0) has a

maximal asymptotics if there exists a real positive function, sayf(t), t ≥ 0, such that

i) for any initial vectorx ∈ X the function
∥∥eAtx

∥∥ /f(t) is bounded on[0,+∞],

ii) there exists at least onex0 ∈ X such that

lim
t→+∞

∥∥eAtx0

∥∥
f(t)

= 1.

Note that in the finite-dimensional case the maximal asymptotics always exists. More
exactly a functionf(t) from Definition 36.1.1 may be chosen as

f(t) = tp−1eµt,

whereµ = max
λ∈σ(A)

Reλ and p is the maximal size of Jordan boxes corresponding to the

eigenvalues ofA with real part equalµ. In the infinite-dimensional case it is relatively easy

84



On nonexistence of maximal asymptotics for certain linear equations in Banach space CDPS

to give an example of equation (even with boundedA) for which the maximal asymptotics
does not exist. In this context the main result of [1] may be interpreted in the following way:

Let the semigroup
{
eAt

}
, t ≥ 0 be bounded and letσ(A) ∩ (iR) be at most countable

set. Then the asymptoticsf(t) ≡ 1 is maximal for this semigroup iffA∗ possess a pure
imaginary eigenvalue. In particular this means that ifσ(A) ∩ (iR) is in addition nonempty
but does not contain eigenvalues then the semigroup has no maximal asymptotics at all.

The main contribution of the present work are the following theorems.

Theorem 36.1.2.Assume that

i) σ(A) ∩ {λ : Reλ = O0} is at most countable,O0 = lim
t→+∞

log(‖eAt‖)
t

;

ii) operatorA∗ does not possess eigenvalues with real part equalsO0.

Then the equation(36.1) (the semigroup{eAt}, t ≥ 0) does not have any maximal asymp-
totics.

Theorem 36.1.3.Let the assumptions of Theorem 36.1.2 be satisfied and letf(t), t ≥ 0 be
a positive function such that:

a) log f(t) is concave,

b) for anyx ∈ X the function‖eAtx‖/f(t) is bounded.

Then

lim
t→+∞

‖eAtx‖/f(t) = 0, x ∈ X. (36.2)

These results find the application in estimation of asymptotics of solutions, for example,
of delayed equations [5].
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Abstract

A generic biologically inspired synchronization problem modeled as two Duffing
oscillators exchanging synchronization solitons througha Korteweg-deVries or Klein-
Gordon channel is investigated.

Keywords

Duffing oscillators, KdV equation, Klein-Gordon equation,breather solution, stand-
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Oscillations of the spinal column in vertebrates has been widely investigated in such
benchmark phenomena as the swimming of the lamprey, the crawling of the salamander,
even in the electrically induced gait movement in quadriplegic subjects [4]. All of these
phenomena are the manifestation of a Central Pattern Generator (CPG), a concept that in-
volves by far deeper control theory than what its original development might have led us
to believe [7]. While some Partial Differential Equation (PDE) model of spinal oscillations
can be derived from neuro-physiology first principles (or even by differential algebra [8, Sec.
2.1.1] modeling from experimental surface electromyographic (sEMG) signals), the missing
piece of the puzzle has been what is happening at the distal ends of the spinal column—the
boundary conditions. Surprisingly enough, the “boundary conditions” are better understood
for humans than vertebrate animals, as they were formulatedunder “dural-vertebral attach-
ments” by the late neurosurgeon A. Breig [2]. The latter paradigm states that the cervical
vertebra are mechanically attached to the spinal dura, hence creating a sensory-motor loop,
itself eliciting local oscillations visible as a twitchingof the neck muscles in manipulative
medicine. Further manipulation then induces a hip movement; thereafter, electrophysiolog-
ical waves [6] run up and down the spine, induces a chaotic-like transient, after which the
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neck and hip are brought in sync by a standing wave pattern along the spine. Even more,
bifurcation between opposite phase oscillations under a standing wave with one mode shape
node and in phase oscillations under two mode shape nodes canbe observed [5]. The sEMG
record shows “bursts of accrued sEMG activity” at a fundamental frequency of 150 Hz. run-
ning along the spine, colliding andsurviving the collisionin a soliton-like propagation. The
persistence, therobustness, of this phenomenon across the population of research subjects,
which even includes quadriplegic subjects, mandates some theoretical justification for it.

The spinal wave has both a lateral and a longitudinal component; however, the relevant
phenomena are so far better understood in the coronal plane,so the analysis will be simpli-
fied to a 1-dimensional motiony(x, t), wherex ∈ [0, L], solution of a PDEPy(x, t) = 0,
whereP is a partial differential operator subject to boundary conditions D0y(0, t) = 0,
DLy(L, t) = 0, whereD0,DL are differential operators. Among the most challenging prob-
lems are the dubious accuracy of PDE models of spinal oscillation, especially in their ability
to model this particular phenomenon, and the inherently noisy nature of the experimental
sEMG signals, making PDE modeling from experimental data bit unreliable. Beyond these
modeling uncertainties, one thing is absolutely certain—the remarkable robustness of the
standing wave and its ability to bifurcate. So the problem istackled the other way around:
Identify operatorsP , D0, DL that lead to such behavior, and then proceed to confirm the
latter neuropysiologically. One combination that quite nicely matches the experimental data

is the breather solutiony(x, t) = 4 tan−1
(√

1−O2

O sin(Ot)sech
(√

1 −O2x
))

to the sine-

Gordon equationPy = 0. Even though a bit tortuous, the Euler-Lagrange formalism of
Manton still applies. This leads to a Lagrangian made up of a distributed parameter part
(the communication medium) and two lumped parameters parts(the boundary oscillators).
The standing wave solutions, which induces synchronization of the boundary conditions, are
found as minima of the potential. The topological soliton property arises from the fact that
in infinite dimension these minima cannot be destroyed [3]. (Another model involves the
periodically forced Korteweg-deVries equation [1].)
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[8] S. Stenström. Differential Gröbner bases. MS thesis,Lulea Univ. of Tech., Dept. of
Math., 2002.

88



38

Boundary control of a channel in presence of small
perturbations: a Riemann approach

V. Dos Santos
CNRS, UMR 5007 LAGEP,
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Université de Lyon 1,
F-69622 Lyon, France,
jacques.sau@univ-lyon1.fr

Abstract

The problem of stability of the non-linear Saint-Venant equations, written in terms of a
system of two conservation laws perturbed by non-homogeneous terms, is studied. Un-
der some assumptions on those non-homogeneous functions, previous results on the sta-
bility of two conservation laws are developed using the Riemann coordinates approach.

38.1 Model
We consider the following model of flow in open-channels (Saint-Venant equations)

∂tH+∂x(Q/B) = q, ∂tQ+∂x(
Q2

BH
+

1

2
gBH2) = gBH(I−J)+kq

Q

BH
, (38.1)

whereH(x, t) stands for the water level andQ(x, t) the water flows in the reach whileg
denotes the gravitation constant.I is the bottom slope,B is the channel width andJ is the
slope’s friction expressed with the Manning-Strickler expression. The functionq(x, t) stands
for a lateral flow by unit length andk is a constant such thatk = 0 for supply,k = 1 for loss.

The control actionsare the positionsU0 andUL of the two spillways located at the extremities
of the pool which expressions for two submerged underflow gate at upstream and downstream
are respectively:

Q(0, t) = U0Bµ0

√
2g(zup −H(0, t)), Q(L, t) = ULBµL

√
2g(H(L, t) − zdo), (38.2)
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wherezup andzdo are the water levels before and after, respectively, thei−th gate (i = 0, L).
The water flow coefficient of thei-th gate is denotedµi.

For constant control actionsU0(t) = Ū0 andUL(t) = ŪL, a steady-state solutionis a con-
stant solution(H,Q) (x, t) =

(
H̄, Q̄

)
(x) for all t ∈ [0,+∞), andx ∈ [0, L] which satis-

fies (38.1) and the boundary conditions (38.2).

The problem under considerationis the following: given a steady-state
(
H̄, Q̄

)
, we want

to compute anoutput feedback controllery = (H0,HL) 7→ (U0(y), UL(y)), with H0 =
H(0, t), HL = H(L, t), such that, for any smooth small enough (inC1 norm) initial condi-
tionH# andQ# satisfying some compatibility conditions, the PDE (38.1) with the boundary
conditions (38.2) and the initial condition(H,Q)(x, 0) = (H#, Q#)(x) for all x ∈ [0, L],
has a unique smooth solution converging exponentially fast(in C1-norm) towards

(
H̄, Q̄

)
.

The boundary conditions are written as follows:a(0, t)+k0b(0, t) = 0, b(L, t)+kLa(L, t) =
0, wherek0, kL are constant design parameters that have to be tuned to guarantee the stability
anda andb are the Riemann coordinates.

38.2 Main result

Theorem 38.2.1.Let t1, t2, `1 and `2 four constants depending on the eigenvalues of the
Jacobian matrix of the system and on the steady state (see [1]). If the bottom slope function
I, the slope’s friction functionJ and the supply functionq are sufficiently small inC1-norm,
then we havemax(t1`1, t2`2) < 1.
In that case, there existk0 andkL such that

| k0kL | +t2 | k0 | `2 + t1`1 < 1, | k0kL | +t1 | kL | `1 + t2`2 < 1,
and the following boundary output feedback controller

U0 = H0

Q̄0

BH̄0
−2

√
gα0

“√
H0−

√
H̄0

”

µ0

√
2g(zup−H(0,t))

, UL = HL

Q̄L
BH̄L

+2
√
gαL

“√
HL−

√
H̄L

”

µL
√

2g(H(L,t)−zdo)
whereα0 = 1−k0

1+k0
, and αL = 1−kL

1+kL
makes the closed loop system locally exponentially

stable, i.e. there existε > 0, C > 0 and µ > 0 such that, for all initial conditions
(H#, Q#) : [0, L] → (0,+∞) continuously differentiable, satisfying some compatibility
conditions and the inequality|(H#, Q#) − (H̄, Q̄)|C1(0,L) ≤ ε,
there exists a uniqueC1-solution of the Saint-Venant equations (38.1), with the boundary
conditions (38.2) and the initial condition(H,Q)(·, 0) = (H#, Q#)(·), defined for all
(x, t) ∈ [0, L] × [0,+∞). Moreover it satisfies,∀t ≥ 0,

|(H,Q)(.t) − (H̄, Q̄)|C1(0,L) ≤ Ce−µt|(H#, Q#)|C1(0,L) .

This stability result is applied to the regulation problem of the water level and flow of the
shallow water equation and is illustrated with numerical results using the data of a real river
(namely the Sambre in Belgium, and the Gignac channel in France using the software SIC
of the CEMAGREF), and experimentations on a micro-channel (more precisely the Valence
experimental reach).
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This paper deals with the regulation problem of irrigation channels with a mono or multi-
objective control. The control problem is stated as a boundary control of hyperbolic Saint-
Venant Partial Differential Equations (pde) [4] (Fig. 39.1).
Regulation is done around an equilibrium state and spatial dependency of the operator pa-
rameters is taken into account in the linearized model. Previous stability results have been
generalized using perturbation theory in infinite dimensional Hilbert space, including more
general hyperbolic systems [2], [1], which can be written as:

∂tξ(t) = Ad(x)ξ(t), x ∈ Ω, t > 0 (39.1)

Fbξ(t) = Bbu(t), onΓ = ∂Ω, t > 0 (39.2)

ξ(x, 0) = ξ0(x) (39.3)

whereAd(x) = Ae(x)∂x + Be(x) is an hyperbolic operator, andFb(ξ) = F0ξ(0, t) +
FLξ(L, t). Results from [3] works, show that the abstract boundary control system (39.1)-
(39.3) has a solution that exists and belongs toD(Ad) if Ad is a closed, densely defined
operator, and generates a C0-semigroup. The last assumptions on the operatorAd are real-
ized under the following hypothesis:
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a) Be(x) is Ae(x)∂x-bounded withb < 1 on a Hilbert space (b < 1/2 for a Banach),
andBe(x) is densely defined,

b) −Ae(0)F0 −Ae(L)FL is invertible,
c)Ae is invertible, densely defined andA−1

e is bounded.
The semigroup generated is exponentially stable if

i) Be(x) is semi-definite negative, ii) 0 ∈ ρ(A(x)) = ρ(Ae(x)∂x +Be(x)).
The Internal Model Boundary Control (IMBC) (Fig. 3) used in adirect approach allows to
make a control parameters synthesis by semigroup conservation properties, like the exponen-
tial stability of the closed loop system.
Simulations using the data of a real river (namely the Sambrein Belgium, the Gignac chan-
nel in France using the software SIC of the CEMAGREF, Fig 39.2), and experimentations on
the Valence experimental micro-channel show that this approach should be suitable for more
realistic situations.

Figure 39.1: Multireach in cascade Figure 3: IMBC structure

0 100 200 300 400 500 600
4.6

4.65

4.7

4.75

4.8

4.85

t (s)

m

Water levels at downstream

0 100 200 300 400 500 600
6.25

6.3

6.35

6.4

6.45

6.5

t (s)

(m
)

system
ref
model

1st reach1st reach

2nd reach

0 2 4 6 8 10

x 10
4

1.5

1.51

1.52

1.53

1.54

1.55

1.56

1.57

1.58

t (s)

(m
)

Downstream water level

Level simulated by SIC
Initial level
Final level

Figure 39.2: Regulation of the downstream water levels of two Sambre reaches and one
Gignac reach
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Abstract

In this paper we present an adaptive control for a non linear distributed parameter
exothermic chemical reaction in tubular reactor, this controller is presented with partial
measurement. It is shown that under suitable conditions on the different parameter of
the system, we can derive the temperature to a ball with pre-specific radius centred at
pre-specific a profile of the temperature.

Keywords
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40.1 Introduction

The dynamics of a nonisothermal tubular reactor with axial dispersion are described by non-
linear partial differential equations which can be transformed within the framework of the
semi-linear systems as follows [1]:

ẋ1(t) = A1x1(t) + αf(x1(t), x2(t)) + u(t) (40.1)

ẋ2(t) = −A2(x
in
2 − x2(t)) − f(x1(t), x2(t)) (40.2)

Where the operatorsA1 andA2 are:
A1x = D1

d2x
d2z

− v dxdz − k0x andA2x = D2
d2x
d2z

− v dxdz for x ∈ H = L2(0, L)

With: D(Ai) = {x ∈ H : x, dxdz are a.c., d
2x
dz2

∈ H,Di
dx
dz (0) − vx(0) = 0, dxdz (L) = 0}

The physical considerations lead us to assume thatu is constrained so that there existu and
u with 0 < u < u such that: u ≤ u(t) ≤ u.
Recently, a constrained adaptive control scheme has been developed with the objective to reg-
ulate the temperature of exothermic tubular reactors in ball centred at the temperature profile
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x∗ and of arbitrary prescribed radiusλ > 0 [1]. The implementation of this controller re-
quires measurement of the reactor temperature over the entire spacial domain which presents
a practical limitation in the case of the large reactor. To overcome this limitation we suppose
in this work that we can measure the temperature reactor justin a zoneΩ ⊂ [0, L], with L is
the reactor length.
For this raison, putC = 11Ω(z) andê(t)(.) = C(.)(x∗(.) − x1(t)(.)) = C(.)e(t).
The proposed controller is calledλ-tracker is given by

u(t) = sat[u,u](β(t)ê(t) + u∗) (40.3)

β̇(t) = k1

{
(||ê(t)(t)|| − λ)l if ||ê(t)(t)|| > λ
0 if ||ê(t)(t)|| ≤ λ

(40.4)

40.2 Main result

We consider the following assumptions:

• (H1) the positif cone H+ ×H+ is positively invariant under (40.1)- (40.2) for all
nonnegative controlu(.).

• (H2) For x∗ > 0 there exist0 < x < x, ρ > 0: such that for0 < x1 ≤ x and
0 < x2 ≤ xin2{
u+ ρ ≤ k0x1 − αf(x1, x2) −Ax∗ ≤ u ∗ −ρ ≤ u− ρ

D1
d2(x−x∗)

d2z − v d(x−x
∗)

dz ≤ 0

Where Ax∗ = D1
d2x∗

d2z
− v dx

∗

dz

• (H3) 0 < λ < x− x∗, 0 < x < x∗ < x

In this work we consider localλ-control in the sense that the initial temperaturex1(0) is
constrained to be in the set∆1 = {x1 ∈ H/ 0 < x1 ≤ x}, we define also the set∆2 =
{x2 ∈ H/0 < x2 ≤ xin2 }
Theorem 40.2.1.Assume that(H1), (H2) and (H3) hold, and(x0

1, x
0
2) ∈ ∆1 × ∆2 and

suppose: β(0) ≥ u∗ − u

x− x∗
the closed loop system given by equations (40.1)-(40.2) andu given by (40.3) has the follow-
ing properties:

• x1(.), x2(.), β(.) : IR≥0 −→ ∆1 × ∆2 × IR≥0

• limt−→+∞ β(t) exists and is finite.

• lim supt−→+∞ ‖ê(t)‖ ≤ λ

and if mes(Ω = [0, L]\Ω) = O <
kλ2

‖x− x ∗ ‖∞
with k < 1,

then: lim supt−→+∞ ‖e(t)‖ ≤ λ
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